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PREFACE 


The ordinary practice in designing an optical system 
is to trace a sufficient number of rays of light through 
the various lenses of assumed radii, thicknesses and 
separations by trigonometric calculation, then, modify- 
ing these elements in accordance with experience, the 
process is repeated until the designer is satisfied that 
the errors still indicated are so small that the working 
optician will be able to eliminate them by empirical 
methods. is 

In this process the fundamentals of the calculations 
are “‘light-rays,” “radii” and “‘indices of refrgeajon,”’ 
no one of which is a physical entity. Moros r, the 
calculations do not lead to a direct det nation of 
the quantities of first importance. O xample, no 
astronomer cares whether the foc th of his tele- 
scope departs from the prescribe _Yałue by one part 
in a thousand or even ten śm a amount, but errors 
in color correction or in zopgl differences of focal dis- 
tances one tenth as great d be fatal to the highest 
excellence. OIN: the designer really lacks 
is a method whic give at once these secondary 
errors, while he R. sacrifice something of the 
isi the primary quantities for a greater 
in other words, he would find deriva- 
$ far more useful if not too complicated; 


tive eq 


v 


but e quations as derived from the familiar equa- 
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tions of optics are not simple enough to be generally 
useful. It follows from this that a designer of compli- 
cated optical systems is constrained to go through a 
great amount of labor of which much is of no ultimate 
value. 

If we could replace the above named fundamentals, 
which are not physical entities because they cannot be 
defined either in place or in time, by quantities which 
are free from this disqualification, we might expect a 
considerable gain in the rational discussion of optical 
problems even if in no other respect. But in fact the 
advantages attained by such a substitution are quite 
astonishingly great. Not only are the fundamental 
equations so simplified that their derivatives are easily 
found but the labor required in ‘at A a lens system 
is reduced by an incredible amount. 

The following text may be regarde ma develop- 
ment of the consequences of introduci he real enti- 
ties — wave-surfaces, surface cur res and wave- 
velocities — in place of the datg@rdinarily employed. 


Finally, it may properly eae that some of the 
propositions derived her ve already published in 


1893 in Trans. Amer. . Sci., Vol. VI, and, to a 
greater extent, in theshook cited on p. 94 below. In 
neither of these ications, however, was emphasis 


placed upon N en utility which has been 
abundantly. by me during the many years that 


DiJ. A, ear and his successor, J. B. McDowell, 
engaged fy aid in their numerous problems. 
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NEW METHODS IN 
GEOMETRICAL OPTICS 


CHAPTER I 


GENERAL EQUATIONS 


In a general discussion of the properties of an optical 
system we are obliged to adopt certain conventions 
which define the magnitudes employed. In the con- 
siderations which follow we shall assume that the refract- 
ing, or reflecting, surfaces are spherical and that their 
geometrical centers lie on a straight line ages alled 
the axis of the system. Moreover, we sh ppose, 
except in cases specifically designated, LA the light 
is propagated from left to right in lagrams and 
that spherical surfaces are define eir curvatures, 
the surfaces being regarded sitive when their 
geometrical centers lie to t Kisht of the vertices 
where the axis of the systerppjn ersects them. 

With these postulates j easy to find the effect of 
any number of refract surfaces upon wave-surfaces 
which have their eeXfhis on, or very near to, the axis, 
as appears in Ay section. 


In Fig. 1, Ie, o’ and o, be, respectively, the posi- 
tions of th metrical centers of a refracting surface 
of cury y, of an incident wave-surface of curva- 
ture x d of a refracted wave-surface of curvature cı. 
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Let k be the indefinitely short length of a common 
semi-chord to the three arcs in the figure; then, if z, 


Fig. 1 


x’, and z, are the sagittas of these arcs we have the 


values, 
t= 5 ky; z = 4 ke; tı = 4h’. 


From the laws of wave propagation vaya if p is 
the ratio of the velocity of light in thesgie ium to the 


right of the surface y to that in the um to the left, 
x — Xi = p(x O. 


Substituting the above ye of z, x’ and 2 and 
solving for c, we have, 
a = (O> p) + pe’. 


This BOA (il be propagated with uniform 
velocity and ow decreasing radius until it reaches 
a second refract Te at a distance ¢, from the 


1 1 
first, whe radius is reduced from 7 —atQ aur t1, 
1 


and Oatu | is increased to the 6] of this 
AU ntity, namely, to 


(1 — cit = MC, 


+ A` 


A 
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if we agree to define » by this equation. After refrac- 
tion at the second surface, the curvature will be, ac- 
cording to exactly the same reasoning as that applied 
to the first, | 

GQ = y'(1 — pi) + mpc. 


This completes the general solution, since it can be 
extended to any number of successive refractions. We 
may write the system of such equations in a form which 
will prove convenient, as follows: 


, , 


BERT roo 0. FC 
a = y(1— p) t p” c” = ma = (1 — et) (a) 
C3 y' (1 = p2) =E POZ Ces kol = (1 ea Cate) "Ce 


+1 = Y (1 => Pa) + pcr! AE MQ = (1 T Gb) C 

If the lenses of the system are indefinitely thin and 
in contact — in other words, if all the ?’s are eml to 
zero and hence all the ws equal to unity — toup 
(a) can be replaced by a single equation, ely, 

ce „l = wo) OO an) a NOE all = 9) 

je. + pyle 

Now let n° be the index of ction of the first 
medium, n’ that of the secon ànd so on, then the 
values of the velocity ration Ge as follows: 


n° nè 
PRON TL PS Px = ep 
nr On A 
é : n° KE 
and the continu OB. p! will equal oxi which is 


the ratio of Nalocity of light in the last medium to 
that in thafitst. This quantity, important in the theory 
of = e shall designate by po. By means of this 


U 


(04) 
RU 
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notation we may write the equation above in the con- 


densed form: 
Or = P + poe’. 


II. IMAGES AND MAGNIFICATION 


When the geometrical center of a system of wave- 
surfaces is a source of light, this source is styled, in the 
language of optics, the object, and the geometrical 
center of the system as modified by refraction, or other- 
wise, is called its image. We shall extend slightly this 


dle Ss 


Fig. 2 S$ 
use of the words so = 60 geometrical center of a 


system of wave-surface erever placed, before modi- 
fication is called the>oDject, after modification the 
image. Thus, ev center of the system of wave- 
surfaces defined $ equations (a) is either object or 
image, acegzdQQX to whether it is regarded as pertain- 
ing to theNoflowing refracting surface or to the pre- 
ceding 

Let@he center of the incident wave-surface be dis- 
W by the indefinitely small distance o” (Fig. 2), 
t 


A the center of cı will also be displaced a certain 
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small distance which we shall designate as o. The 
line o, is, from the principle of continuity, the optical 
image of the line 0’; moreover, from the law of refrac- | 
| tion, the angle subtended by o, at the vertex of 4 is | 
p times that subtended by o”, whence i 


Or NC 


p= | | 
o” C1 | 


This quantity may be called the magnification due to 
refraction at the first surface, and to extend it to a 
more complicated system we have only to extend the 
reasoning to all the surfaces, thus, for \ + 1 surfaces, 


OD p c | 
o Ci i 
02 Mıĉı j 
01 Co 


co A | 
A i 


Onti MC © | 
— = py — j 
A Ć+1 O | 
The ratio of the final image to itial image, or | 


the magnification of the sta s the continued 
product of the above values, namely, 


| 

Orti _ DĄ c | 
= | | 

o” © Cy41 | 


The value of w! N readily determined by calcu- 
lation in a given\s¥stem, but a general analytical 
expression for Asd from equations (a) could hardly 
be looked fo{ since the equations do not explicitly 
contain $Rejeżsential limitation that they only hold 
true in thNinmediate vicinity of the axis. It is obvious 


% 
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that this value is a function of the variable c’ and of all 
the physical constants of the system, but the feature 
of importance here is the form in which this variable 


Fig. 3 


enters. To ascertain this let y and y’ (Fig. 3) be the 
first and second refracting surface, respectively, then 


W: k=}: 1 h, whence k' = k(l — ot) 
1 1 


Extending this method to the sucocężjde surfaces we 


may write: & 
pe kU aż) = 
= EO = coh) = ASG) aa UA 


The modificatio ich a wave-surface undergoes in 
ium to another consists of two 


passing from 
parts, both FON the change of velocity of propa- 
gation, butth first in addition to this only the curva- 


ture ene interface and the second that of the wave- 
Self. When all the products kc, kcz, etc., are 


ver i we may regard the change in lenge be- 
U two successive values of k as equal to the sum 


surfa 


Ki 
E 
4 
i 
1 


+ 


m 
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of the changes due to each of the effects named above; 
moreover, we may, always with the limitation as re- 
gards departures from the region of the axis, consider 
the total change from k to k* as equal to the sum of 
these partial changes. The first type of changes is in 
every case independent of the value of curvature of 
the incident wave-surfaces and is therefore a function 
of the physical constants of the system alone. The 
second type of changes requires further consideration. 

Suppose the curvatures of all the refracting surfaces 
to be zero and consider the successive increments of k 
due to the value of c’. The inclination of that portion 
of the incident wave-surface at the distance k from the 
axis to the refracting surface would be ke”, changed by 
refraction to kpc’; the increase of k’ over k would be 
— kpc. Just so, after refraction at the second surface, 


the inclination of the portion of the wave-s e in 
question would be kppic’, whence the incr OL k7 
over k’ would be — kppic’t. Extending reasoning 


to the whole system of surfaces we PS t the whole 
change from k to kò due to c’, that 4 say, the sum 
of the above terms, is a linear f oO of kc’, hence the 
increment of length due to mos effect may be set 


equal to bk and that due to $h second effect as equal 
to Bc’k, where 6 and B ar stants depending on the 
physical constants of UO stem alone. The sum of 


the two effects t ke} together is embodied in the 
equation 


P-k= SS Bc’), or, finally, k* = k(a + Be’), 


where a JB depend solely on the physical constants 
of the Jèm. Comparing this expression for k with 


> 
U 
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the one above and noting the values of m, etc., as 
given in equations (a) we see that 
pal = (a Be) 
and that the expression for the magnification of the 
system becomes 

04+1 C 
TA = po Gu1(2 da Be) (b) 

There is another very important expression for the 
magnification of the system which may be derived as 
follows: 

Suppose that there is a circular diaphragm at the 
first surface with the small radius k. Let the semi- 
angular diameters of the wave-surfaces, incident and 
refracted, thus limited, be designated by w” and w, and 
so on for successive refracting surfaces; then 


, 


sinw = ke’ U 
sin 01 = ke 
sin OQ: = k'ce > 


ma = BO 


sin G41 A+1 


From these equations w Q write, in regarding the 
relation of the values successive k’s as developed 


on page 6, © 
z , 
SIN W 
sin ON 1 $ 
| si C1 SIN oa _ Cy 
= pe SRE ZW EIO 
SI 2 C2 SIN ©0x+1 +1 


The contittued product of these ratios is 
, 


sin +1 Qx+1 


Y sinw’ _ pa c 


| 
A 
_ 
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Multiplying both sides of the last equations by po 
and observing (b), we have, as another expression for 
the magnification of the system, 


Owi snw. 
7 — Po 
SIN W+ 


(c)* 


III. SIMPLIFICATION OF Equations 


In the foregoing discussion the curvature of the 
incident wave-surface has been that possessed when 
attaining the first vertex of the system, while that of 
the finally refracted wave-surface is proper to the last 
vertex. These two points are perfectly convenient for 
expressing the results of direct calculations, or of 
measurements such as the lens-maker employs, but it 
is not to be expected that these particular poi 
reference should possess signal advantages 
system is regarded in any other light. It j 
therefore, to find what forms the equatt 
when other points of reference are cho in short, to 
find a system of transformation eu) ns. To do this 
is the aim of this section. 

Let the new points of ref&eance, Fig. 4, be at a 
distance £ and é’, respecti , from the first and last 
vertices of the syste addition, let the incident 

A 


wave-surfaces be bo d by a circular diaphragm 
somewhere so thaf a he wave-surface will have the 
semi-diameter , Cand, as a consequence, a definite 
value after fimgt refraction which, at &, may be de- 
noted RRS en, if C’ and C, represent the curvatures 


N * See Appendix A. 
> 
>` 
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of the two wave-surfaces under consideration at £ and 

£' the following relations are obvious: 
'=C'A1+$0)1 ths 5C(1 EO)" 

= (1 — &c’)- Ci = cwi = Fenm) = (d) 


a 
| 


2 
| 


Fig. 4 


These are the desired transformation equations. In 


addition ~\ 
sinw = aC’, sin wyn = a 


The last equations, with (b) and „QF yield 


aC xO 
Gil ZSO 
A marked simplificatidA in the expression for the 


relation of C’ and C; is ed if £' is so chosen that it 
is the optical image for then a’ is the optical image 


of a and the ra @ ecomes independent of c’. This 


ratio will bg felienated by g. With this condition 
adopted, ZY ast equation, by means of the transfor- 


mation tions (d), may be written, 
OF og erl WOE +5) r 
U C a oe ee (e) 
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The first term on the right in (e) is the value of Cı 
when C’ (and therefore also c’) equals zero. Designat- 
ing this particular value of Cı by (4, and, similarly, 
the value of C,,, when c’ equals zero by c+, the last 
equation but one combined with (e) yields 


ga — 1 
SZA 


The value of g is readily determinable by means of 


C? = gach-1 = 


(b) by taking c” equal to E when, since &’ is the image 
1 : a 
of £, Cı equals E Making these substitutions in (b) 


there results 


Lo pe 
g a&+8 
The equation (e) may now be written a 
Ci = Jared. + pog?C’, Q (€) 
a remarkably simple equation to rep RY system of 
equations (a). In this equation Cı and C” are 
variable; g is a number, arbitr chosen, and the 


other terms depend only on (ŚR Physical constants of 
the system. 

The places of the norcóknia of reference, referred 
to the last and to the rtices of the system, respec- 


tively, are immediate) derived from the foregoing rela- 
tions, namely: 


WI g-i, > po > B 
ge gacj 5 a (©) 


12 NEW METHODS IN GEOMETRICAL OPTICS 


IV. EXTENSION OF CONCEPTION OF MAGNIFICATION 


In Section II the magnification of an optical system 
was defined as the ratio of the displacement of the 
image of a point from the axis to that of the point 
source, or object. This, the ordinary conception of 
magnification, may be specified as the transverse 
magnification; its value, which we shall designate as M, 
can readily be expressed in terms of C” and Ci by means 
of (b) and the equation 


gC 2 c 
a’ Ci Cx+1(0 oe Bc’) 
They give 


, 


C 
M = Pod or (g) 


The definition of the transverse mation sug- 
gests a second kind of magnification, ely the ratio 
of the displacement of the image g the axis to a 
corresponding displacement of bject. This type 
of magnification we may sty longitudinal magni- 
fication and designate by 4. “From the definition and 
(e') we find O 


pe aCe Naa GA 
RU dO ZARA 


Combining qaysult with (g) the important relation 
arene two kinds of magnification is estab- 
lished ing equation 


W L= (h) 


| 
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In many optical systems the value of M is not dis- 
criminative; for example, in all telescopes adjusted for 
vision at infinity, that is to say, where both object 
and image are at anfinfinite distance, M is indeterminate; 
for all cameras adjusted for objects at an infinite dis- 
tance M is equal to zero, and, finally, for all systems 
where the object is at the first principal focus M is 
equal to infinity. In such cases as well as in cases 
approximating to them, the expression for the angular 


magnification is useful. This, which we shall designate 


by N, is defined as the ratio of the angular subtense 
of the image as measured from &’ to that of the object 
as measured from &, therefore 


N= Ox+1Ĉ1 ER Cı 


oC” A 


N = pg a (i) 


The equation (h), on account of its rę general- 
ity, merits attention which is as appOpriately given 


here as elsewhere. It follows i ly from it that 
the total depth of the region & hich the images 


or, in view of (g), 


near the axis are distributed AX very small when the 
nearest object is relativel ote and M is small. 
Thus, in the case of bo logrphic camera used in 
ordinary out of door ice, po is unity and L is so 


small that in ee, eras provision for altering the 
length may be tted without materially reducing 


their utility». Phe quite irrational term “universal 
focus” has.iés)Origin in this practice. 

Agai he case of the microscope the value of M 
is lar 0 ence the longitudinal magnification is much 


> 
Ex 

| AU 
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greater. This explains why the total range of depth 
of an object which can be seen without variation of 
adjustment is so small; it also shows why an object 
looks so much flatter when imbedded in a transparent 
medium of high refractive index, po then being equal 
to this number. 


V. On PARTICULAR VALUES OF g IN THE GENERAL 
EQUATIONS 


Inspection of equation (e’), that is, 
Ch = JACX+1 + pog?C”, 
shows that when C” is equal to zero = is the distance 
from &’ to the axial image of a point at an infinite dis- 
tance from é; the point thus defined is\called the 


second principal focus of the system a ilf be desig- 
nated hereafter ae the symbol f’. C sely, when C 


is equal to zero —, is the distan @om ¢ to the point 
SS 


5 
whose image is at an infinite Ji tance. This point is 
called the first principal gus and will be designated 
by f. 

All the foregoing es, except the places of the 
points f and f’, ZE on the arbitrary choice 
of the number Nich choice, in the abstract, is not 
important; thege are, however, certain obvious values 
of g whicichave practical advantages. Such are 1, 
— 1, KDE = Taking these in turn we have four 


0 
N values for the variables defined by the funda- 
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mental equations (e’), (g), (h) and (i). These may be 
grouped as follows: 


Ci = ad + pol” 


z | Róg 
|z = of ©] 
N>= p 


Cy = — ad + pol” 
ARA 
PE > 8a 


> hy, 
Principal points 


Negative principal |; _ | A | 
points een 
N =— po 


pol = AC + C’ 
AAS: 


oe 2), 


(--2) 


Negative nodal 


points © = Ci 
N N 1 


No one of Crans is superior to the others in 
point of simpkOty or of utility. In a large class of 


K RD 
o 
I 

|>| Q 
aces 
LS wj 
= "r 

a 


tion of 
call Dvalent, whence po equals unity, and in all 


ach 
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such cases Groups I and III become identical as do 
also Groups II and IV. 

Insight as to the physical meaning of the above sets of 
equations may be obtained by discussing Groups I and 
II when po is unity, the familiar case, and then 
Groups III and IV when p, has a different value, as, for 
example, it has in the case of the eye. 

From I, Ci = ach» + C’, which is exactly the form 
of the expression for infinitely thin lenses in contact, 
ac)+., being the power of the system. A small object at 
é has its image at &’ of the same size and orientation, 
since M = g = land L = 1 also. These are the only 
points on the axis where these conditions obtain; they 
were named the first and second principal points by 
Gauss, who discovered their properties. We shall em- 
ploy the symbols e and e’ to indicate them. When C” 
is equal to zero, Cı is equal to the power he system, 
and its reciprocal is the distance, from t cond princi- 
pal point to f’, the second princip us. When C 
equals zero, C’ equals the po (D) aken negatively, 
and its reciprocal equals the nce from the first 


principal point to the ER al focus. The angular 


magnification is equal to twity for all positions of the 
object. 

From Group II, ©_ ach: + C. When C” equals 
zero, Ci =— ac NE the reciprocal of this quantity 
is the distanc £' to f’; so too, when C, equals 
zero the SERCA of C’ is the distance from $ to the 
first priącja dpal focus. A small object at £ has an in- 
N Mage at $ of the same linear dimensions as the 
ROS ince M = g =— 1 and L = M?=1. These 

e only points on the axis where such relations 
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obtain; they may be called, by analogy, the first and 
second negative principal points. When we wish to 
designate these particular values of £ and & we shall 
use the symbols e and e’. The angular magnification 
is, for every position of the object, equal to — 1, which 
means that, if the object as seen from e is regarded as 
erect, the image as seen from e”, facing the same direc- 
tion, is inverted but otherwise of the same angular 
dimensions. It will be observed that f’ falls exactly 
halfway between e’ and e’ just as f lies midway be- 
tween e and e; thus it follows that two of the three 
pairs of points being given, the remaining two can be 
deduced at once without other calculation. 

Points on the axis such as defined above are called, 
generically, cardinal points. If a sufficient number of 


Fig. 5 Q 


the cardinal points are ac geometric construc- 
tion of the image corresp@ding to any object is very 


simple. To illustratę 
axis of an optical 


act, let Fig. 5 represent the 
m with its cardinal points as 
indicated. Su it is required to construct the 
image of the pbjSćt abc; proceed as follows: Consider 
light, origi GA at a, moving towards e; after final 
refraetięsQN"will move in an unchanged direction but 
the „W which, before incidence, would pass through 


e now passes through e’, since the latter point is the 
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image of the former. Let e’a’ be this line of propaga- 
tion from e’, then the image of a must lie on the line. 
Again, consider light waves, originating at a, which are 
propagated before incidence in a direction parallel to 
the axis; after final refraction the line of propagation 
passes through f’ and also through d’ which is the 
image of d. The image of a lies, therefore, on the point 
of intersection of the two lines drawn in the image 
region at a’. 

An equally simple method of constructing the image 
is to use the negative principal points with the princi- 
pal focal points. This is shown in the figure as applied 
to the finding of the image of c, where the line ch is 
drawn in the object region parallel to the axis, and 
then the corresponding line f’h’ in the image region, 
h’ being the image of h. Next, draw cf in, the object 
region and the corresponding line ct the gage region, 
7’ being the image of i, then the point on to the 
two lines in the image region is osition of the 
image of c. It is obvious that yf dither of the cases 


above considered the points f” could be replaced 


by the pair of principal R without rendering the 
construction less simple. 

It is easier, and inggmparably more accurate, to 
caleulate the requi values by means of the equa- 
tions I or II. RE in the present case, if we A the 


scale by set PY as equal to unity, we have © a= 
— HA 10 KD arbitrary assumption) whence, from I, 
, the a from e to b. From I also, 


RO M equal to — 15r which is equal to the ratio 
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of the length ab” to ab. Equally direct is the calcula- 

tion by equations II, where 1 equals — 0.429, since 
1 

a equals — 0.75. The second equation of II gives the 


value of M equal to — 0.571, the same as that calcu- 
lated from I. If the Problem had not been specially 
chosen to illustrate the graphical method the advan- 
tages of the analytical method would be even more 
striking. Indeed, it may be asserted that the value of 
ja knowledge of the principal points of a system has 
‘been much overestimated by writers on optical instru- 
ments; they have failed to note that these points are 
of little practical value except as an aid in diagram- 
matic description. 

As an example of the case whens the first and last 
media are unlike, we will suppose that the first is 
air and the last is water with an index of reNption 


equal to $, whence the value of p becom ual to 
4. From Group III we find the relatio Cı to C” 
expressed by the equation 2C, =a C’, whence 


the first principal focus lies to the le £ at a distance 
equal to the reciprocal of the EX of the system; 
the second principal focus lie the right of é’ at a 
distance ? as great. A sm ject at £ has its erect 
image at £”, but its tang dimensions are decreased 
in the ratio 2 while i (tudinal dimensions are de- 
creased in the rati e square of this number. The 
fourth equation Kite group shows that the angular 
value of the i A as measured from ý’ is equal to the 
angular valu€}f the object as measured from ¢. This 
last pro we: of the two reference points seemed of 


AK ignificance to its discoverer, Listing, and he 
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named them nodal points. When we refer to them we 
shall, following Listing, name them the first and second 
nodal points and designate them by n and n’, respec- 
tively. 

The first equation of Group IV shows that the first 
principal focus lies to the right of the first reference 
point at a distance equal to the reciprocal of the power; 
the second principal focus lies to the left of the second 
reference point at a distance ł as great. A small 
object at ¢ has an image at ¢' with transverse magnifi- 
cation of — 2 and a longitudinal magnification repre- 
sented by the square of this number. The image is 
therefore inverted. The last equation shows that the 
angular subtense of the image as measured from $’ is 
numerically equal to that of the object as measured 
from ć. This property attaching to this pair of refer- 
ence points suggests the name of negativesxrydal points, 
which we may designate by n and n’, ere ively. 

The foregoing results deduced f the groups of 
equations III and IV give an easy GF od for a geomet- 

D 


f 


C Fig. 6 


rical constriction to the image of a given object, when 
the cardyśgj points proper to the system are known. 
This is Ghówn in Fig. 6. Here the construction for the 
PZA employs the nodal points and the second princi- 


ocus, the distance nd being g times the distance 


= 
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n'd'; an alternative construction is chosen for c” where 
the negative nodal points and f’ are employed, the 
distance n'h’ being — g times n'h.* 

Should one desire to find the principal points also, 
it is necessary to have recourse to Group I with a 
value of po equal to $. 

A glance at these equations when po is given its 
proper value shows that the principal points, separated 
by the same interval as that separating the nodal 
points, are symmetrically placed as regards the latter 
with respect to the principal focal points. 

The above discussion of the interpretation of the 
groups shows that, in general, having given the posi- 
tions of any two pairs of cardinal points, the positions 
of the remaining three pairs are at once known. 


VI. THE DETERMINATION OF CARDINAL RNs 


The problem of determining the positio e cardi- 
nal points is one which ordinarily pre RO itself in one 
of two forms: either all the ele Not the system 
are known, in which case we ol © d the required 
points by simple calculation, Aa finished system of 
more or less completely un construction is given 
when an experimental ne of fixing the principal 
points *s required. T method is the one which 
the designer and t 6 structor of optical apparatus 

W. 


* The PUC as a matter of fact, made in the following 


far more accurate gi ier manner. Assumptions: C’ = — 275) P=l; 
then =, = 1.17 M =— 0.429. After object and image were drawn 
1 


C 
in indicata es and indicated ratios of length, the illustrative con- 
lies w 


RES ere drawn. 


352 
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has at command, the second is that to which the user 
of such apparatus, especially if complicated, is gener- 
ally restricted. A short discussion of the two methods 
will prove advantageous. 

In order to find the positions of e and e” we have only 
to substitute the proper value of g, here unity by 
definition, in equations (f), page 11. Thus: 


pa ZA = PO ZB . 
where £’ is the distance from the final vertex to the 
second principal point and & that from first vertex to 
the first principal point. To solve these equations 
calculate the value of c$ a by means of equations (a); 
the reciprocal of this value is the distance from the 
last vertex of the system to the second principal focus 
and a”! is equal to m!, thus the position e and f’ 
are determined. To determine e and @jhere are two 
methods suggested; the calculatio f (a) may be 
repeated with any value of c RM than zero when 
the value of m! will be (œ OR" whence 8 can be 
derived and the position g alculated with the de- 
pendent position of f. er procedure would be to 
carry the computationQyf (a) in the reverse order with 
c? assumed equal ro; the reciprocal of the result- 
ing value of c w the distance from the first vertex 
to the first Mipal focus, whence the position of e 
would be ddednined, and thus all the cardinal points. 

The geal problem in its other aspect is, of course, 
extre varied. To set some convenient limit to the 


will, at any rate, except from consideration only 


NY ons we may assume that po is equal to unity as 


U 


PASI IJ 
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a small number of forms. In these cases Group I 
affords the convenient relations for measurement. In 
very many cases the positions of the principal foci, 
referred to a point in the lens system or to a point in 
its mounting, can very readily be found. Less fre- 
quently, the positions of the principal points can be 
found by an experimental shifting of the object until 
its image is of the same size and erect; this method is 
practicable for the compound microscope. When this 
fails, a determination of the positions of the negative 
principal points is generally simple. In systems of 
high power, like microscope objectives, a ready method 
is to measure the length of the image of a distant object 
whose angular value is known, for then, the angular 
magnification of the system being unity, we may find 
the distance separating the focal point from the pearer 
principal point and, by referring the positig df the 
image to a fixed point in the system, both Ots are 
established. A repetition of the meas with the 
objective reversed will give the othemfdints similarly 
related. This method is one of t st to employ in 
determining the absolute focal le) of a system of so 
low a power as the objective ŚW astronomical tele- 
scope, since it is easy to he angular value of a 
fixed length in the princiQ3{ focal plane by transits of 
stars of known decli ; the difference between this 
value and the Foret ance is the measure of the dis- 
tance from the ond principal point to the rear 
vertex. $ © 

Occasio Nhe fourth equation in Group I may be 
PEN used to find the principal points, since it 
AR when the object is at an infinite distance 


3% 


AD 
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the image remains fixed in position if the system is 
rotated about an axis through the nearer principal 
point. If the system is mounted so as to slide upon a 
rotating carrier, the axis of rotation being perpendicular 
to the optical axis, this method may be quite aceurate 
as well as convenient, since apparent displacements of 
images suffer reversal of direction when the principal 
point crosses the axis of rotation. 


CHAPTER II 


EXAMPLES ILLUSTRATING APPLICATIONS OF GENERAL 
EQUATIONS — COMPLETE THEORY OF PLANE MIR- 
ROR — USES AND LIMITATIONS OF CARDINAL POINTS 
— TELESCOPE AND MICROSCOPE 


In order to illustrate the utility of cardinal points, 
as well as the equally important limitations in their 
use, we shall consider a few typical optical instruments. 


I. IMAGES BY REFLECTION 


Reflection corresponds to the special case of p = — 1 
as will appear at once from the discussions nócted 
with Fig. 1. This is also the value of po, in.KQtordance 
with the definition of this quantity on p , and, since 
the first and second principal point together on 
the surface, as is obvious from ct that a plane 
object on the surface of a mirrgr pletely coincides 

with its image, the equations oup I are appropriate 
and convenient. The minę} being plane, y = 0 and 
c8., = 0; then the first ion of I shows that Cı and 
C' always have op = signs and are numerically 
equal; in other „Go at image and object are always 
symmetrically plated with respect to the mirror. The 
second equat ives the transverse magnification as 
equal to, “hence the image is erect and equal to 
| the obja When the object is in front of the mirror 
its i ` is in the inaccessible region behind it, and 


A i 
| 


2 
U 


s 


26 NEW METHODS IN GEOMETRICAL OPTICS 


for this reason has been called a virtual image. This 
term is useful in our generalized method of treatment 
provided that we extend it to objects also, in which 
case we state that a virtual image corresponds to a 
real object and vice versa: thus, the plane mirror of the 
Newtonian telescope forms a real image of the virtual 
object behind it. 

The interpretation of the third equation is of inter- 
est: it shows that the longitudinal magnification is 
always equal to — 1, hence the image of a right- 
handed helix, however presented to the mirror, is a 
left-handed helix; so too, the image of a right hand is 
a left hand. This relation of the image to the object 
is called perversion. 

Plane Mirror. — All spherical wave-surfaces incident 
upon a plane mirror remain spherical after reflection, 
irrespective of obliquity and of angul agnitude; 
hence the limitation as regards apertures proximity 
of object and image to the axis be suspended. 
This is equivalent to saying that@e plane mirror is a 
perfect optical instrument, a ntage which it alone 
possesses. An important, Msion from this fact is 
that the theory goraiopaia Chapter I is wholly ade- 
quate to explain comp}etety the whole of the phenomena 
presented by such Dam The following para- 
graphs will illu is statement. 


A plane mi of infinite extent divides the visible 
universe inteXwo equal parts, that lying behind the 
mirror suppressed and replaced by a perverted 


image. @) the half in front. If the mirror is bounded, 
AS be regarded as a window through which a 
Non of the perverted universe can be seen by an 
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observer in front of the plane of the mirror, the portion 
being completely defined by the shape of the window 
and the position of the observing eye. For example, 
the smallest mirror in which one can see his whole 
figure must have half his height and half his width and 
the observer must be directly in front of it. If one 
demands complete binocular vision the mirror must be 
increased in width by one half the interval separating 
the eyes. As another illustrative example, suppose the 
problem is to find the shape and size of a plane mirror 
which will just enable an observer to see the image of 
a disk the plane of which contains the eye of the ob- 
server and which is also parallel to the mirror. From 
the theorem given above one sees at once that the 
mirror must be circular and have a diameter one half 
that of the disk. 

The terms “right” and “left” TR the 
characterization of images formed by a mirror 
are wholly unsatisfactory since they inf e position 
of the median plane of the observe Cis clearly has 
nothing to do with the physical omena involved. 
It is true that the terms are pr applied to helices, 
but only because of a univer accepted convention 
by no means restricted tqjgurely scientific usage; on 
the other hand, when esire to describe the rela- 
tion of the images o ures of a landscape produced 
by the surface o @scent water to the corresponding 
objects, the terme/fail, nor can we replace them by 
terms ‘‘inve KO” which has a quite different meaning. 

ition is that contained in the equations 
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Consider the case of successive reflections in two mir- 
rors. Let a 1 and a 2, Fig. 7, represent two plane mirrors 
| | meeting in a at an angle a, the reflecting faces facing each 
| other; also, let 0 be an object in any position between 
| the mirrors. Then 
7, will be the sym- 
metrically placed 
and perverted 
image produced by 
al. Of this image 
the mirror a2 will 
form a perverted 
image 11,2, which is 
a direct image of o 
changed in azimuth 


by SARE 2 a. 


Agaj e mirror | 
a M a sym- | 
Aorically placed | 
nd perverted 
image w» of which, 
in turn, the mirror 
a l forms an image | 
taa, Which is a | 
direct image of o 
changed in azimuth 
by 2a in the op- 
posite sense. This 
constructh$o can be continued with a series of alternate 
reflects until the image falls behind the mirror. An 
oa ber of reflections yields perverted images, and 
ven number direct images. If a is an aliquot part 
© 


| Z 
| Sy 
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of 2m the objects included between the mirrors, 
together with their images, form a self-limited polygo- 
nal space; the mirrors in this case constitute the optical 
system of the kaleidoscope. When a is equal to 90° we 


of its exten application in modern practice. Let 
Fig. 84 ate this case. Here a1 and a2 are the 
mirrofAwith o, the object, placed anywhere between 


`- 


meet with a Na interesting solution on account 
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them; the image 7 which is due to successive reflections 
taken in either order, is direct, virtual, and exactly 
180° from 0 at an equal distance from a. Obviously, 
object and image may exchange places provided the 
object becomes virtual and the image real — another 
way of stating that the reflection is confined to the 
sides of the mirrors facing each other. 

The action of the two mirrors can be described as 
equivalent to (1) changing the angular position of the 
object with respect to a by 180°; (2) rotating the object 
about an axis through its center and parallel to both 
mirrors by 180°; (8) reversing the direction of propaga- 
tion of the light. If the light after leaving the mirrors 
falls upon a second pair whose line of intersection is at 
right angles to that of the first, the sum of the effects 
will be a linearly displaced image, completely inverted, 
with light propagated in the original dir n. Porro 


utilized such a system of four mirrors y a century 
ago to replace the middle member, the terrestrial 
telescope, not because of greater al efficiency, but 


because of a great reduction i o h, especially in low 
powers. For his mirrors h Q yed, naturally, total 
reflection from the intreco of right-angled prisms. 
This ingenious inventi emained practically unused 
until revived in rece ears and applied to binoculars 
by Zeiss; since t the use has grown very rapidly 
and such * ap ic binoculars” are now made by 
many manufącfurers. 

If a plaf mirror be rotated about a vertical line in 
its pl Nie image of a point in the horizon will 
revoly about this axis, in the opposite direction, with 

a the angular velocity; the image exists only while 
© 
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the object is in front of the mirror. If this image be 
observed by means of a fixed vertical mirror, the image 
will seem to move in the opposite direction on account 
of perversion: if now the second mirror be rotated in 
the same direction and with the same angular velocity, 
the image will appear to be at rest. When the two 
mirrors are rotating as supposed, they retain a con- 
stant angle between them and the image of the object, 
as long as it remains within the angular space em- 
braced by the two mirrors, will be at a constant angular 
distance from the object. A pair of mirrors with 
variable and measurable angle can be used to measure 
the angular separation of two objects provided that 
one of the objects can be seen directly while the image 
of the other is, by adjusting the angle between the 
mirrors, brought to coincidence with it. One com- 
monly used provision for the simultaneous visio the 
two is by having the mirrors cover only o lf the 
pupil. Such an instrument is the sextanta@agwhich the 
freedom from conditions of stability, wi) hcecompany- 
ing weight, renders the inconvenie ending double 
vision quite negligible. C) 

Spherical Mirrors. — These że an especially inter- 
esting illustration of the m under discussion be- 
cause in them all of ds cardinal points can be 
immediately found, wot calculations, from the 
definitions alone. the two principal points and 
the negative ca ene all fall at the vertex; the two 
nodal points ay the negative principal points corre- 
spond at the@pometrical center of the mirror, conse- 
quently, wo principal foci lie halfway between 
the a and the geometrical center. Since all the 


© 
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cardinal points are known, any one of the groups of 
equations is as applicable as the others. 

There are two cases to be distinguished; first, that 
in which y is positive, or the mirror is convex; second, 
that in which y is negative, or the mirror is concave. 
In the first case, ack: = 2 y, whence, turning to equa- 
tions of Group I, we see that Cı has this value for C” 
= 0 and C” takes the same value for Cı = 0, or, in 
accordance with the statement above, both principal 
foci lie midway between vertex and geometrical center. 
For all negative values of C” the values of C, are posi- 
tive; in other words, for all real objects the images are 
virtual. The second equation shows that these images 
are erect and always smaller than the object; the third 
equation, since L is always negative, that the images are 
perverted. 

In the second case, the concave mirror,the value of 
xcj+1 is also equal to 2 y, but this sd" a negative 
quantity and the relations of im nd object are 
more complex. Restricting oup euieration to real 
objects, that is, to cases whe is negative, we see 
that, as long as pol” is nune lly less than 2 y, C; is 
negative and the images & real; when pC” is numeri- © 
cally greater than 2 is positive and the images 
are virtual. In the her group M is negative, and in 
the latter oe all Z is negative and all images 
erted. 


are, theref ie 


_& must be equal to — $ we havea 
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II. IMAGES By REFRACTION 


Plane-parallel Plate in Air.— Let n be the index of 
refraction, then 


1 s 
=) = 
y ar 
y=0 h=h p1i=n pox=l 
From equations (a) 
c: = pec’ m = (1 — tra) 
Cz = pył” = wc! = (1 — pc)! 


Since m! equals (x + Bc’)-! we have a = 1 and B = 
— pt This is a complete solution of the problem with 
the first and last vertices as the points of reference; 
if we desire to substitute the principal points for these 
and employ the equations of Group I, we BAS nly 
to calculate the positions of these points acępyding to 
the method of Section VI of Chap. I. EF ing this 
course we find from (j) the expression $ęQ?" to be inde- 
terminate, but since, from NE of symmetry, 
ce 


aż =— po — 8, whe £ = 3 ph 


The separation of the sri points is equal to 
t(l — p). Applying GRA quations of Group I to this 
case we see that CrreGDAls C’, and that all three kinds 
of magnification Naa to unity. The total effect 


of such a pl ay be described as. equivalent to 
transposi position of the object, real or virtual, 
by an t equal to its thickness multiplied by 


(1 A 
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Spherical Magnifier in Air. — In this case it is evident 
that both nodal points, therefore, both principal points 
also, fall at the center of the sphere. Plane wave- 
surfaces passing the center would be refracted at 
emergence according to (a), so as to have curvature 

co = y'(1 — p) 
—" from the second vertex, if 


=p: ic 
r is the radius of the sphere, or i z. from the 
' 1 


the center of which is 


center; this point, however, is the second negative 
principal point, hence the distance frem the center of 
the sphere to the second principal focus is Zi. 
which for crown glass equals $7, nearly. The fact that 
a diaphragm, such as might be easily produced by an 
equatorial groove in such a sphere, a s to make 
the refractive effect of the sphere th e for points 
away from the axis as for the RY led the 
opticians of a century ago to reg this type of mag- 
nifier as of special excellen AW it appears even to 
this day on the catalogu Oaa opticians 
under the name of Codjeton Lens. In reality the 
advantage named is Olly specious, for in practice 
the ocular pupil RUA observer is the effective dia- 
phragm; on th er hand, the focal distance is in- 
convenientl on being only one half the radius, and 
the cost of truction is materially greater than that 

of a thin fs of like power. 
ee Lenses in Air.— To find all the 
points apply the operations of (a) with two as- 


c 
Q values of c’ according to the following scheme: 
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c=0 c=c 
Ci © = C= pc Li =l = ptic) 
e = Y(1 — pı) Ce = y (1 — p) + mc’ 


whence po equals 1, a equals 1, and 8 = pt, and by 
equations (j) of page 22 


$=0 $=pi. 
These solutions are perfectly general; we may apply 


them to the two cases of convex and concave lenses 
as follows, r being radius of surface. 


Convex Concave 
f’ lies — from e” f’ lies from e’ 


lies —— from e lies — > e 


For crown glass, where n is $ nearly, Osee that the 
distances separating the principal CY from the corre- 
sponding principal foci are equ% tO 27, and the first 
principal point is 3 the thickné& of the lens from the 
plane surface towards the d vertex. 

Terrestrial Ocular. — Ig; er to exhibit the method 
as applied to more Pmplicated systems, we may 
choose a commok j restrial ocular.* The optical 


* This is a typé Grglited to Fraunhofer, and which may well be 
regarded as a rerfayRable invention since it has been in universal use 


for nearly a, OW The index of refraction is that of the material 


employed in an actual construetion in which the angular field 
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constants are given in the following table; all the lenses 
are plano-convex: 


TERRESTRIAL OCULAR 


Radu Separations 

— 0.831 0.10 
© 2.56 

— 1.050 0.10 n = 1.514 for 

+ 1.166 4.10 materials of all lenses. 
© 0.17 

+ 0.658 1.85 
œ 0.10 


Calculations with these constants were carried 
through in accordance with equations (a first with c” 


© Fig. 9 


equal to zero QW second with c’ taken as equal to 
— 1.5247. ATQB latter choice should be regarded as 
purely arbitxary, any other value of c’ than zero meet- 
ing all wOretical requirements. The following are the 
resu quired for our discussion: 


| 
+ 


a. 


A 


APPLICATIONS OF GENERAL EQUATIONS 37 


c =0 © =— 1.5247 
cs = 1.5247 cs = 0.2348 
ki! za! = — 1.2648 Lr! =(a + Bc')-1= — 0.6705 
acs = P=— 1.2060 B =— 4.5950 
00 ż = =P __ 120967 
a 
1 = — 
Fits 0.829 


The interpretation of these results is that the first 
principal point lies at the left of the first vertex by a 
distance equal to £, then comes the first principal focus 
0.829 nearer the vertex; at the other end of the system 
the second principal focus lies-to the right of the 
eighth vertex by a distance of 0.656, followed by the 
second principal point 0.829 further. The power, like 
that of a simple divergent lens, is negativ it 
forms real images of distant objects instead ©Yirtual. 
The principal points are more widely se ted than 
the principal focal points, all four begg) outside the 
system. 

Human Eye. — The followin ŚR are taken 
from Helmholtz (Phys. Optik, ed., p. 140). 


rı 0.7829 © n 1.3365 

r 1.0000. h e n= 1.4371 

rs —0.6000 A n” 1.3365 
1 


The unit gst is the centimeter, and the index of 
"BĘ r the lens is taken as the optical mean of 


© 
3 
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its varying value. From the 
quantities are deduced: 


log y  .1068 
log y .0000 log t 
log y” .2218N logt: 


log p 9.8740 
log pi 9.9685 
log p» .0315 


By means of equations (a) 


be obtained: 


c =0 
log y .1063 
log (1 — p) 9.4011 
log cı 9.5074 
log M .0535 


log c” 9.5609 


constants the following 


9.5563 
9.5563 


log (1 — p) 9.4011 
log (1 — pı) 8.8451 
log (1 — ps) 8.8757 N 


together with those on 
page 22, taking c” equal first to zero and then to — 0.5 
(a purely arbitrary choice), the following results may 


„A 
S .0000 


log pı a O 8.8451 
a 8.8451 


log Ce 96310 
log uz ©Q,:0691 
log c/” ©) 9.6801 
log 0815 


© 9.7116 


„Cog Cs 9.8061 
O) logu!  —-«.1226 
O loga 9.8774 


9.7066 N 


log y” .2218 N 
8.8757 N 


9.0975 


+ — 0.509 
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'=— 05 

logc’ 9.6990 N 
logp 9.8740 

9.5730 N 9.5074 
loge, 8.7194 N 
logu 9.9919 
logc” 8.7118 N 
log pi 9.9685 

8.6798 N 8.8451 
log c. 8.3455 


log Me 0034 
log c” 8.3489 
log pe .0315 


8.3804 9.0975 
log Cs 9.1737 
log u! 9.9953 
log8 9.7106 N 


logś 9.2459 ~. 0.176 3S 


The second principal point is measured f the third 
vertex and the first principal point ie) he first ver- 
tex. The constants of Group I eR us completely 
known, the first equation being 

Cı = 0.4828 + Qy482 C” 


When C” is zero, the regiyćdcal of Cı is the second 
principal focal length, X en C; is zero the recipro- 
cal of C” is the first ipal focal length: these values 


are 2.071 and — (.590, respectively. The positions of 
the nodal poiątg are found either from equation (f) or 
from their ręłabións to the principal points as stated 
on page © n order to acquire a clear notion of the 
positio the cardinal points of the normal human 


© 
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eye adjusted for objects at a great distance, the posi- 
tions referred to the first vertex are given in the follow- 
ing table. 


fo 21374 e + 0.210 
e +0.176 m 20232 
n + 0.698 fe 2.282 


A feature of the human eye of great importance to 
the theory of vision by means of the optical instru- 
ments is the iris. This lies directly upon the anterior 
surface of the lens and has a variable central opening 
— the pupil — which, for daylight vision, may be esti- 
mated to range from 0.1 to 0.4 of a centimeter. 

Cardinal Points of Composite System. — Suppose the 
principal points and powers of each of two members of 


wada © 
O 


Fig. 10 0 
a composite system are kag? as illustrated in Fig. 10, 
© 


where D is the distance rating the second principal 
point of the first mep@er from the first principal point 
of the second; RA suppose an object of angular 
subtense a to ftuated at an indefinitely great dis- 
tance to th / The image formed by the first mem- 


ber wilk Be at the distance = to the right of eq, and 
1 


A X o the right of e», the reciprocal of the latter 


p 
W being the value of C’ in the general equations 


„O 
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of Group I as applied to the second member. The 
first of the general equations gives 


Cy = pe + C = P2 + pill — piD)- 
= {pi + pa — Dpp} (1 — p1D)-! 
The reciprocal of this value is the distance from eż to 
the secondary image formed by the second member. 
Now consider the poet of the two images. The 


size of the primary image is = and the magnification 
of the second member Ei f, the size of the 
secondary image will be æf pı + pe — Dpıp:}— which is 
obviously the same as > if P is the power of the 


composite system; therefore we have finally the 
general expression for the power of two combined 


systems: 
P = pı + pe — Dpp: A 
The distance from F’, the second princip@ypoint of 
the whole system, to tho E x l focus is 


1 ; 
po measured from e it is — a considera- 


tion of a reversal of the sy. ŚĆ see that the 
e Dp: 


distance from e, to the first 


, 


hence all the cardinal po Qof the composite system 
are determined in rel eo its components. 

In order to mani e use of this method of sub- 
stituting a single etjöðf cardinal points for any number 
of others, thę Oro ocular described on page 36 
may be chogeŅ Opticians ordinarily look upon this 
system €Omposed of two parts; the first, consisting 
of the and second lenses, is called the erector, and 
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the second, embracing the third and fourth lenses, is 
styled the eye-piece. In the following table the first 
column contains the principal points and powers of 
each of the lenses; the second column contains the 
powers and principal points of erector and eye-piece, 
respectively, while the third column contains the power 
and principal points of a simple system which replaces 
the two composite systems of the second column. 


Single Lenses 


e Erector 
ei D, 2.6261 
pi py 7.3180 
> E, 4.1079 
el Ei — 5.1902 Total System 
p D 4 12.096 
2 
1.208 
ee 
E’ 3.133 


e3 0.0000 Eye-pieces 
e 04123 | a 19 


ps 0.4409 | 72 
E, % 28062 


e. 0.0000 | Æ O1.5838 
e, — 0.0661 © 


In the ft Fólumn the two points of reference are, 
in each , the first and second vertices of the lenses; 
in the @ònd column they are the first principal point 

rst lens and the second principal point of the 


of 
| Pe lens; and for the last column the two points 


RZEC KIK 
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are E, and Eż, that is, the first principal point of the 
first composite system and the second principal point 
of the second composite system. The places of E and 
of E’, referred to the first and last vertices of the sys- 
tem, respectively, are given by the equations 


e, + E, + E =— 1.298 
e, + Ez + E' = 1.483 


These values, with that of P, agree with those on 
page 37 derived by direct calculations. 

From the expression for the combined power of two 
lens systems on page 41 one sees that the power of 
the terrestrial ocular, and therefore the magnification 
of the telescope of which it forms a part, can be greatly 
varied by a change of the distance separating the eye- 
piece from the erector. Such a variable system has 


long been in use under the name of “panar, eye- 
piece”; its use, however, is to be recom only 
in a very qualified manner, since it has ecessity a 


more restricted field and thus loses 4 @ydperty gener- 
ally far more valuable than nu magnification. 
As a matter of fact, the curr xe ctice is to make 
magnifications of spy-glasses of too high, probably 
on account of the less o such instruments since 
they demand smaller TO 

Telescope: Micros QI- A knowledge of the cardi- 
nal points of th EN ope, or of the microscope, is 
quite aa a discussion of their office as aids 


to vision. ThiGgrises from the fact that small changes 
in e such as are constantly made to suit 
PR Anands in the observer, are often accompa- 


nied 

| AN 
KU 
U 
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ormous changes in the positions of the cardi- 
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nal points without appreciable changes in the action | 
of the instrument. It is highly desirable, in these | 
important cases at least, to establish a different method 

of treatment involving only elements which are in- 
variable as long as the instrument remains practically 

the same to its user. 

The two instruments are treated together because | 
there is, as will at once appear, no logical distinction. 
Suppose an optical aid to normal vision be adjusted 
upon a distant object: the instrument is called a tele- | 
scope. Now imagine the object to approach the ob- 
server continuously, the instrument undergoing simul- 
taneous modification so that the object always appears 
distinct; as long as the object is remote the name of 
the instrument remains unchanged, but when the object 
has attained a position close to its forward end, the 
instrument is called a microscope. For there was 
no practical difficulty in distinguishin two classes | 
of instruments since, in general, s optical instru- | 
ments were used either for distant) jects or for those 
quite near; but with the m wide growth of the 
demands upon the opticia essential continuity of 
the two must be recog Kd by one who wishes to 
treat their „aa OR in a logical manner. 

Let Fig. 11 repre any optical apparatus what- 
ever used as an AGI seeing o. Let a be an object | 
immediately i nt of the system whose image is a’; | 


if a’ is close he back of the system its position is the 
most fa le position for the pupil of the eye, for then | 


the o e, as well as the direct, wave-surfaces pass | 

th a’. Designate the distance from the eye, thus | 

sy , to the object by D, and the distance from a to i 
A 
ZU 
AS 
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the object by d, as represented in the figure. If d is q 
large the instrument is a form of telescope, if small it 
would be called a microscope, as is explained above. 

As a rule the apparent angular magnitude of o” will 
be modified by the instrument: indeed, more often than 
not the immediate end sought in the use of the instru- 
ment is an increase of the apparent size. Since the 
observer cares ordinarily little as to the exact position 
of the image under inspection provided that it is quite 


a oe ee ee 
| Fig. 11 

distinct, the measure of angular magnifcatief b the | 
quantity of particular interest. This is gi at once 
by the general equation (i), page 13, n y 


N = pg Q 
where g is the ratio = O 


If the instrument is a wt the first and last 


media are alike and p, th re equals unity. Where a 
is the whole NO objective it is only neces- 
sary to measure thiSykhd the diameter of its ocular 
image to find the jhagnifying power; that is to say, | 
the ratio of + pparent dimension of the image to 
that of the @ject. This method of determining the 


p RE of a telescope has long been in use and [l 


is CO y attributed to Ramsden. 


| 
| Sy Carl F. Shepara meme rial Library | 
| © feiss oe it Optometry 
. illinois College © | 
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The Ultimate Power of the Telescope — of the Micro- 
scope. — In any instrument employed as an aid to 
vision the ultimate power depends on the natural limi- 
tations of the eye and on the finite length of light 
waves. Experiments, which are entirely in keeping 
with the anatomical structure of the retina as shown 
by Helmholtz, demonstrate that the resolving power 
of an exceptionally acute human eye is limited to one 
minute of are. Thus, if we have a series of parallel 
black lines on a white ground of which the angular 
separation is that named, e.g. 344 lines to the inch at 
ten inches from the eye, under a suitable illumination 
the surface will appear finely lined instead of a uniform 
gray as under less favorable conditions. It will be 
found that for this critical vision the pupil will have 
an opening not far from one fifteenth of an inch; if 
the pupil is much larger than this the siderable 
spherical and chromatic aberrations in t in the eye 
will reduce the resolving power, Sif very much 
smaller, the diffraction effect dug @Q the length of the 
waves of light to which the ga responds, will also 
produce a like limitation. ay deduce .a general 
rule from this principle e the eye-circle should not 
exceed one fifteenth of nch in diameter nor be use- 
fully less than one SA amount when the condi- 
tions of illumina e at their best. In the micro- 
seope the ill ion is quite at command and the 
theoretical r may be accepted without limitation. 
In telesc vision, where the illumination is often far 
below most favored, the lower limit of magnifica- 
RD ar too high and the eye-circle should have two, 


` case of nocturnal vision or in observing faint 


APPLICATIONS OF GENERAL EQUATIONS 47 


astronomical objects, more than three times the value 
stated. The higher limit, corresponding to an eye- 
cirele of one thirtieth of an inch, can hardly be sur- 
passed with real advantage to the observer. 

The rule admits of the simplest possible application 
to the telescope since, in accordance with the statement 
above, the magnification attending the larger eye-circle 
is fifteen times the diameter of the objective in inches, 
and hence the resolving power of a perfect telescope 
of which the objective has a diameter of one inch is 
fifteen times that of the unassisted eye and larger 
telescopes have greater resolving power in direct ratio 
to their augmented apertures. This theoretical con- 
clusion, which implies that an observer should be able 
with a perfect four-inch telescope to just divide a 
double star of 1-inch separation, is in complete SE: 


with experience. 4 
It is worth noting that the focal length OTe tele- 
scope does not enter at all in the discussiefN moreover, 


that there is no limit, other than that se Oy mechanical 
difficulties, to the possible power R telescope. It 
is true that the diffculty in s g larger disks of 
optical glass than those now fQNM in our greater tele- 
scopes and, possibly, a limi fixed by elastic yielding 
in lenses of greater di ns, suggest that we may 
have already reached nd. 

The theory of ET is somewhat less simple 
because of certain YeStrictions of convenience of which 
the most notą one is that of the distance between 
the ocular a the anterior system. This distance is 
now v nerally fixed by microscope makers at 


16 cma oł 6.3 inches. Moreover, since the eye-circle 


8 
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must have a diameter not greater than one fifteenth 
of an inch for the maximum resolution, the power of 
the ocular is determined by the effective diameter of 
the back of the objective, a dimension which is obvi- 
ously arbitrary. In order to make the problem definite 
let it be assumed that this diameter is 0.3 inch, which 
is quite common in practice; then the first equation of 


- Group I on page 15 shows that the power of the ocular 


must be 0.5. 
The magnification of the objective, as given on 
page 9, is 


= , 

SIN w 
M =a fd Overs , 
SIN @)+1 


where, as is immediately seen from Fig. 11, 
P>. „aż 
W tg 20 


and as determined by the adopted ntions 


sin Wy = a PR: 


substituting these values O equation for mag- 
nification 
mM Q~ 42 po SIN w”. 


The largest possibi alue of the sine is unity and the 
corresponding of M is — 42 po, the negative sign 
indicating ersion of the image. The first and 
second eqdhafions of Group I show that the power of 
the objéepive must have a minimum value of 6.83 po, 
and e magnification of the ocular referred to the 


+ 


& ard distance of 10 inches is equal to 5, the mini- 


A m magnification necessary to the highest degree of 
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resolution in microscopic vision is 210 po. The general 
conclusion is that magnification from 200 to 400 in 
“dry” objectives in which po is equal to one, and from 
300 to 600 for homogeneous immersion systems, ex- 
haust the useful powers as far as study of structures 
is concerned, a conclusion quite in accord with the 
experience of microscopists. Professor Abbe’s admirable 
invention of the apochromatic objective does not 
modify the preceding conclusions, as the argument 
tacitly assumed perfect correction in all the elements 
of the instrument. 


CHAPTER III 


COLOR ERRORS AND CORRECTIONS 


Whenever a wave-surface is changed by refraction, 
excepting the case in which p equals minus unity or 
that of reflection, the change with composite light 
varies with the wave-length. A more convenient state- 
ment for our purpose is, that the changes vary with 
refrangibility of the light in question, the refrangibility 
being defined by the index of refraction for that par- 
ticular wave length in some substances arbitrarily 
chosen as a standard.| If all of the val of p which 


enter our calculations are known ao this index 
of refraction, designated by n, it i sy to find the 
variation in value of any c in egens (a) for light of 
any prescribed refrangibility ifferentiating these 
equations with respect to ch equations, derived 
from (a), are the us 

dey _ („r dp 

o S dn 

da DO y) do: 4. yap, de 

dija O dn Am 

dA ETIE and A) dp» 2 dez k 

+, = (e Y) Gt MPa a (k) 


dey 
2 A 
MAP dn 


| 
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Having obtained the last of the differential coeff- 
cients by the successive computations we have as the 
difference of focal distances for light of two refrangibili- 
ties differing by ôn 

a ee 
Ciri dn 


on 


As an application of the method here developed we 
may discuss the color error of the human eye, the 
cardinal points of which have already been derived, 
although it is necessary to add to the constants given 
above a knowledge of the dispersive power of the 
media. 

Color Error of the Human Eye.— For the purpose the 
following table of refractive indices is quite sufficient. 


Aqueous humor Lens Vitreous kyr 
no = 1.33605 m = 1.4371 m = 1.3 
Spectral line n — no n’ — m nNpŁLn 
A — .00558 — .00876 O 558 
C — .00370 — .00581 .00370 


G + .00590 + .00926 + .00590 
H + .00900 + 0148 + .00900 


The dispersion of the CZ humor and of the 
viteous humor eye are ŁO) irectly from Helmholtz, 
but the dispersion o ens is higher than that 
adopted by him.* Sin€Qthe choice of the medium which 
shall serve to charaeterize the light is purely arbitrary, 
that of the a s humor is obviously as convenient 
as any othe Omnis the indices of refraction 


* See C U tings, Amer. Jour. Sci., vol. xix, p. 205, for more ex- 
tended ti BN nt of this problem. 
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of the second and third media by n and n”, respec- 
tively, the following values are readily deduced. 


ONAE dw PUB E dpi" 

eg LZ; Sane 1.00; Pits 0.560; ma 
— 0.326; 2 = 0.374 

dn 


With these values supplementing those found on 
page 37 of the preceding chapter the color errors can 
be calculated from equations (k) as follows: 


log e — yy) = .1063N 
log(c” — 7’) 9.8036 X log m = .0535 


log (c” — 7’) = .8415 log u = .0691 
log (© — y) .1063 N 
log oe 9.7482 N 
dex „O 
log an 9.8545 © 
log p1 9.9685 og” — vy’) 9.8036 N 
: 1070 dA 9.5132 N 
log pi 9.9300 OC”? m 9.3168 
TA z 00247 O 
log ps 031809 log (c — y”) .B415 
Roa log Ps 9.5729 
> 9.9144 
log gł „c, 0.3776 


ge result is most readily expressed in terms of 
wary experience by the following considerations: 
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From the transposition equation (d), page 10, may 


be derived 
r dC: 


= (1 — Ee) 
whence, in this case, since log (1 — &cs) is equal to 
„1224, 


log = = .1328 


For the total variation from extreme red to extreme 
violet for which 6n = .01458 as appears from table 
above, 

OC; equals 0.0198. 


From the general equation above for the eye, page 39, 
dC, = 0.7482 ôC”, 


in which equation ôC” is the measure of accommodation, 
its maximum value being Donders's Constant 
commodation. The change of accommodatio 
for maintaining sharp vision from one E 
of the spectrum is .0265, the US 

of length. As this is about the limi URS 
for the human eye in mid-life > that its 

t 


large color error is so generally rlooked 

Color Corrections. — The y of possible correc- 
tions, or partial rak AD f errors due to varying 
refrangibility is so A it is remarkable that only 
a single term to dę NME has been evolved. For 
the general to de of the theory of optical instru- 
ments a greate NADER in language is imperative, 
hence I sha Nure to employ three new terms after 
specifyi ee character of the corrections correspond- 


ing to 
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The first correction of color defect in optical images, 
by far the earliest known, is the simplest, since it can 
be accomplished by the use of a single material. In it 
the power of the system is independent of the refrangi- 
bility of light, although the positions of the cardinal 
points are not so. As the images are, in such a system, 
distributed in the order of wave-length, it is quite 
illogical to call such a system achromatic; such a sys- 
tem may be, in accordance with its characteristic 
property, called tsodynamuc. 

With two media whose dispersive powers are unequal 
an achromatic system may be constructed by compen- 
sation, one portion having an effect opposed to the 
other. At present, however, no two glasses are known 
which will admit of perfect compensation for the whole 
range of spectral colors at once; for example, a binary 
system corrected as perfectly as possj for visual 
images would not at the same time) a satisfac- 
tory correction for photography. e nature of the 
correction in a given case mee 6Y completely defined 
by the color, or wave-len ra or which it is most 
perfectly adapted. Thus lex em corrected for spec- 
tral yellow would be sicors for visual purposes 
while a correction KZ e would be better adapted to 
photography, and Sy ntermediate type corrected for 
green would e requirements of an ordinary 
camera wh ifference of the adjustment for visual 
and NA purposes is undesirable. Such sys- 
tems aręCgalled achromatic, with a meaning perfectly 
esta éd by custom and familiar in practice. 

‘is, however, possible to construct an optical sys- 
in which the focal points for all refrangibility fall 
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together with far greater accuracy than in the binary 
achromatic, although the principal points are widely 
distributed. As this correction offers certain advantages 
in some cases — as will be shown later — it will be 
convenient to give it the name of orthokumatic system. 

Although binary achromatics, with the media at 
present within the command of the optician, are imper- 
fect, as explained above, it is possible to secure very 
perfect correction by a proper choice of not less than 
three unlike media. If such a system is properly con- 
structed the principal points and focal points, respec- 
tively, will correspond for all colors. Such a perfect 
system may be styled isokumatic. It is obvious that 
a system of this type is also orthokumatie and achro- 
matic at the same time. 

There is another error in z optical systems 
which betrays itself as a color error, the mea of 
which was first made obvious to opticians by SOT 
Abbe, who devised his apochromatic © ste correct 
it. As this is outside the scope of me KO t chapter, 
which is confined to the 4 small aper- 


tures, its consideration will be def 
With the above definitions we urn to a discussion 
of the means of securing the va A corrections named. 
Isodynamic System. — ower of a system com- 
posed of two ea hown on page 41, 


Paes Dp 12. 


The derivative o na with respect to the refrangibility 
of the ee. ual to zero, takes the form 
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For simplicity, suppose that the elements are made of 
the same material and that. p» equal api, then the above 
equation gives 

0 = 1 +a — 2 Dam 

or 


spa w: 
pı P2 


It follows from this proposition that two single posi- 
tive lenses of similar glass separated by an interval of 
one half the sum of their focal lengths between the 
proximate principal points will have unvarying magni- 
fication for all colors.. Such is the construction of the 
familiar Huyghenian ocular which consists of two 
plano-convex lenses, the convex sides being turned 
towards the incident light and the dimensions being 
fixed by the ratio: 


judi = 1:230 


This ocular — sometimes called peeve eye-piece 
— is really a very remarkabl ention, which state- 
ment is readily admitted one recognizes that 
even the resources of ankarty now developed for more 
than two centuries af(Q) its origin, are incapable of 
designing an ocular e perfectly adapted for the use 
with the sevente entury telescope. The fact that 
so accomplish n optician as Airy quite failed in his 
efforts to i ve upon the Huyghenian construction 
is instrugłivE also, but the superior excellence of the 
ocular ee the primitive telescope of great length does 


n W any means exist for the modern telescope; it is, 
U e contrary, quite imperfect and it is difficult to 
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understand, except perhaps on account of its simplicity 
and cheapness, why it is so universally used.* 

Achromatic System. — For the sake of simplicity in ` 
the development of the theory of this color correction, 
we shall assume the case of a doublet with a focal 
length of 100 and of which the thicknesses and separa- | 
tion are negligibly small. In practice, of course, our | 
solution must be regarded as only a first approxima- 
tion, although often very close, which may be amended 
by use of the exact formulas (a) and (k). _ 

Let n and n’ be, respectively, the indices of refrac- 
tion of the materials of the first and of the second lens: 
also let y — y’ equal A and y” — y” equal B. From 
(a) with the substituted symbols — 


C = A(n — 1) + B(n’ — 1). 
The condition of achromatism is that this CA C 


shall be invariable with any change in refran ity of 


light, thus: 
ac _ Y 


In order to interpret this eayalioh ŚW us suppose | 
that the materials employed aresbrdinary crown glass | 


and dense flint glass, such Gi, se in the Washington 
26-inch objective discussed hapter VI, types which 
are very commonly GO odern telescopes. In a 1| 
certain pair of suc rials which I had occasion to | 


employ I found — 


n — ni5 0710n — npe) + 9.226(n — nz)? 


* Further ana so descriptions of improved types of oculars may 
be found U aper entitled “Astronomical Oculars,” in Popular 
NS. 1926, p. 375. See also Chap. VI below. 
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The derivative of this equation yields — 
, 
GL = 1.9710 + 18.452(n — nz). 

It will be observed that the differential coefficient 
varies continuously with n and consequently, for a de- 
terminate solution, it is necessary to fix upon the best 
value for n in the problem at hand. For a visual tele- 
scope the value corresponding to the Fraunhofer line 
\ 5616 gives the best color correction. Let us desig- 
nate these particular values of the indices by mo and 
ni; then, by substituting the value of np in terms of no 
in the foregoing equations, we find 


n’ — ni = 1.8800(n — no) + 9.226(n — no)’. 


MAA 
($), = 1.8800 


The first two of the equations of thi Yoction now 


become 
.0100 = A(.52016) + 026) 


„0000 = A 4«@ .8800) 
of which the solution is 
A = 052 B =— .02796 


There is nothing 8 to fix the ratios of y to y 
and of y” to y” ce we may impose two arbitrary 
conditions in anion, and must do so before a defini- 
tive solutio dhe question of construction is attained. 

One of thkeśe conditions would, in almost all cases in 
practicé Ce that the spherical aberration of the sys- 
RB vanish; the second condition is less important. 
N be, for example, that the extent of field shall be 

~v arge as possible; that y” shall equal y’ so that the 
© 
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two lenses can be cemented together, or, a plan often 
followed by telescope makers who have an inadequate 
command of theory, that y shall equal — y’, since this, 
making the first lens equi-convex, somewhat lessens the 
cost of construction. 

The foregoing method of determining the proper con- 
ditions for best color correction is perfectly adapted to 
determining the residual errors after meeting condi- 
tions of achromatism, or in other words, the secondary 
color error of the system. To accomplish this, let Co 
be the value just calculated when n equals no, and C 
the value when no is increased by ôn. Since ôn is always 
a small quantity we may write: 


C= C. + abn + adn? + ete. 


This equation is equivalent to \ 
_ {dC 1 /@C 4 


Now A and B are purposely chosen © that (=) 
2 
equals zero, hence, since stra Rua to 9.226 B 
0 


we have 


0 
, 


DA = "O n? 


This equation shows RZA since B is negative, is a 
maximum. ‘The cor nding changes in the focal 
length are, clearly 

ŚĆ = 2580 ôn? 


Ya 


This i Nate secondary color error of this achromatic 
and AJ ld betray itself in practice in a phenomenon 


> 
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which the working optician calls “outstanding color.” 
To the users of large telescopes the error is customarily 
recorded in a so-called color curve which is found by a 
spectroscopic study of focal images. The method here 
given is far easier and more accurate. Thus, in the 
example chosen, we have the following values for the 
five refrangibilities catalogued. 


dn — .003987 .000000 + .004936 + .010395 + .013083 
ôF + .041 000  +-063  --.279 + .442 


The importance of this secondary chromatic error is 
quite undervalued. It is by far the most serious defect 
of our modern telescopes and it necessitates a length 
of the telescope which must increase more rapidly 
than the increase in aperture, if one demands full 
optical efficiency. For example, a ratio of length to 
aperture for a 12-inch objective is ordi taken as 
equal to 15 for a standard KON but if the 
aperture and power of the instr t are to be in- 
creased at a like rate it is fowQd necessary to ma- 
terially increase this ratio. R reasons for this are 
readily deduced from the ssion above. As a mat- 
ter of fact it may be itively asserted that every 
large equatorial in exptence could be appreciably in- 
creased in optical er by an increase in length, or, 
to state the fa another way, all great equatorial 
telescopes © present day are too short. The fact 
that the présént practice, in view of the greater ex- 
pense ilasan to mount and protect longer tele- 
scop ndoubtedly yields the highest general effi- 

NY only emphasizes the importance of eliminating 
A secondary error. Unfortunately, the accumulated 


ne) 
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experience of telescope makers since Fraunhofer has 
demonstrated that no hope of notable improvement is 
to be looked for in varieties of the familiar silicate 
glasses. When the new materials which the researches 
of Otto Schott and his associates, supported by the 
enlightened policy of the Prussian government, were 
rendered serviceable to the art of optics, there were I 
doubtless many who hoped for a great advance in i} 
this particular direction. Unfortunately, this hope has 
as yet failed of attainment, although forty years have 
elapsed since the first catalogue of the Jena glass | 
makers was issued. The most marked innovation in | 
the materials came from a substitution of phosphorie 
acid or of boracie acid for the silicie acid of the older 
types. Neither of these new kinds is free from serious | 
| defects from the constructor’s standpoint. The phos- | 
phate glasses generally lack permanence an Agar apt 
to corrode when exposed to the air, while oe borate 


glasses have a yellow color which ion a serious | 


defect in thick pieces. Of those wh have tried | 
myself may be cited the binary SDS of potash- | 
silicate-crown, No. 339 (type 13 of the Jena | 
Catalogue) with the borosllica Glint 0.161 of which I | 
have made a number of tel@gope objectives. As this | 
is probably the best bi combination yet attain- | 
able, it is worthy of dN fed examination. The optical | 
constants of the iyo Phases, determined with, care, are | 
given in Appendix B. These indices, although derived | 
from careful surements, are not to be regarded | 
as ad yond the fifth place of decimals on | 
CH e small size of the prisms at command. | 
Not anding this fact the relations of the two 


TA | 
A 


62 NEW METHODS IN GEOMETRICAL OPTICS 


are expressed with quite sufficient accuracy by the | 
formula | 
n —no =—7(105)+[.18098](n—no) +[9.9565](n—nv)*, | 
where n’ and n refer to the indices of the flint and of the 
crown, respectively, as in the previous discussion, and 
the numbers in the brackets are logarithms of required 
coefficients. If the residuals derived from the calcu- 
lated and observed values of the indices are assumed 
to be due to errors of observation alone, it will be found | 
that the indicated probable error of any one measured | 
value is + 9(10-*), and since greater accuracy could [ 
hardly be claimed for the measurements we are led to f 
conclude that not only is the formula adequate but | 
also that a systematic error, should such exist, can 

hardly be found in the sixth place of decimals. 


We find by substituting the constants > acquired t 
in the three equations, — | 
C = A(n — 1) + Bin’ ) | 

dOa | 

a A +% | 

dE " W dn [| 

dnt „O dn? ' 


for Co equal to 0.01 vig? 
A = .096872, D — .071650, ôF = .648 ôn? 


The last ter comes + 0.114 for light of wave- | 
length ao to the Fraunhofer line h, an error j 
practically,oały one fourth the magnitude of that found | 
in ordiga telescopes. I have made a considerable | 
num f telescopes involving the use of these ma- | 
te MAR of which the most interesting was the largest | 
A itted by the disks at command, namely, one of 


© 


e R 


AO 
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2.75 inches aperture and 37 inches focal length. The 
secondary color, only one sixteenth as conspicuous as 
that of the ordinary construction, was, as might be 
anticipated, quite imperceptible and in objects, such as 
the details of sun spots and the C ring of Saturn where 
feebly luminous surfaces are closely contiguous to bright 
surfaces, the optical efficiency was quite equal to that 
of the ordinary construction fifty per cent larger in 
diameter. It is much to be regretted that the crown 
glass becomes gradually soiled in contact with the 
atmosphere so that it requires too frequent cleaning, 
otherwise I know no two glasses which compare in 
excellence with those under consideration. 

The Jena glass makers have more recently invented 
two glasses which they name telescope crown and tele- 
scope flint; these are recommended as alee wae 


matic constructions notably superior in respeęt(todcolor 
correction as compared to the ordinary s in use. 
Although I have not investigated these ses person- 


ally, there is enough concerning them dy published 
to enable us to fairly estimate t nQalue. There are 
three sources from which we erive the required 
data, namely, (a) The Zeit Instrumentenkunde, 
19, page 177, where Dr. R. Sf3inbeil gives his determina- 
tion of the indices a ion for the two glasses; 
(b) the Schott unAWenossen, catalogue of 1902; 
and, (c) a Aso JA, Dr. Max Wolf of a telescope 
made of these erials in the same volume cited 
above, page ANF rom the first of these sources I find 
the equati 

n! — mP 23(10-*) + [.07251](n — ns) + [2041] 


IJ (n — nz)?, 
3% 


32 
ZW 


| „O 
W 
LO 
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which represents the recorded values of the indices 
perfectly if a probable error of + 16(10-*) may be 
accorded to each. The measured indices for Fraunhofer 
E are 1.529283 and 1.525187, respectively, that for the 
crown being the greater. With these constants I have 
calculated the color error for an achromatic doublet of 
a focal length of 100 inches and reproduced it in Fig. 12 
below. In the same figure I have entered the color 
errors as calculated, first, under the assumption that 
Steinheil’s measures are without error, and second, 


© 


A BC D E F xO G h H 
Fig. wQ 
from the Jena Catalogue valu assumed to be without 
error, and finally, from -> Wolf's measures reduced 
to the same scale. In s figure the abcissas, measured 
from, E as an origi (ex proportional to the values of 
inates are equal to the increment 
changing from nz to any n. Inspec- 
tion of th re will show that the theoretical curve, 
drawn Sa line, is far more likely to express closely 
the Teg roperties of such a doublet than any one of 
Na sets of differences. The direct interpretation 


r. Wolf's measures is not quite easy. They were, 
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it is true, extremely difficult to make since the maxi- 
mum deviation of light in his instrument was less than 
one and one half degrees, but I have entered in the 
figure the points marked in his diagram. The con- 
stants of the solution from which the curve of Fig. 12 
is constructed are 


log A = 9.0545 ôF = 1534 ôn? 
log B = 8.9820 N 


The secondary color error is therefore 63 per cent 
of that of the standard construction while the deep 
curvatures of the lens surfaces require a ratio of focal 
length to aperture much greater than the customary 
ratio with ordinary types of. telescope glasses. It 
shows, however, of the secondary color — taking into 
account the relative increase of the focal length — 
a reduction to one third of that of the ordinagf ayhro- 
matic. That this brings with it a material Grease in 


optical power is abundantly shown by olf’s de- 
scription of the tests made with his te pe. 
Orthokumatic Correction. — Let e two systems 
of indefinitely thin lenses separgt y the distance t; 
further, let Cı be the curvatu axial wave-surfaces 
after refraction at the first gystem, which becomes C” 
at incidence on the seco stem, then we may write: 
c" M = (1 — ()—C, 
ACZ + uż 
SO dC; 
O BOY oy 
U doza 


S etc., ete. 
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If Cı is increased by the amount ôC, the increment 
of C” is given by the equation 


ôC” = w6C, + tuC? + ete. 


When, as a special case, the first system is a single 
lens the following equations hold: 

C,= A(n—1), oC = An 
whence 
OC” = p?Adn + tu*A?0n? + etc. 

This series converges rapidly unless u is very large, 
and the coefficient of 6n? is positive whenever „ has a 
positive value. Both these conditions are assured when 
the separation of the system is considerably less than 
the focal length of the first, while the second condition 
suggests a possibility of correcting chromatic aberra- 
tion to the second power of ón by mean 
in which, as with all known glasses, t 
ón? is negative. A system in whic r 
thus attained is orthokumatic ag ned above. 

As an example illustrative o method, suppose it 
be required to design an © umatic of materials 
Ordinary Crown with Crown 339 and Flint 0.161, the 
characteristics of whichXére given in Appendix B; 


oefficient of 
correction is 


moreover, for the s f simplicity without material 
loss of generalit Gl be assumed that the first lens 
is a crown len power 0.01 for np, that the second 


system is a Ginity of power zero for light of the same 
refrangikikży, and, finally, that the thicknesses of all 
these | $ are negligibly small. Representing the 
CULY. e sums for the three lenses by A, B, and C, 
r tively, and the indices of refraction by n, n’, 
OJ n”, the equations of condition are as follows: 
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pı = .0100 = A(nr — 1); p: = .0000 = B(n'r — 1) + 


c(Np a 1), 
C, = B(n’ — 1) + c(n” — 1) + C”, 
a, ,. pdw dn” , dC” 
‘diner = g dn T dn dn’ 
DO E E Er A Ons. GC” 
ATE ae B dn? TE dn? dn? 


The solution of these equations yields: 
A = .019040, B = 1.0360, C =— .9518, ¢ = 73. 


The above values demand such moderate curvatures 
of the lens surfaces in respect to their apertures that 
the practical construction is easy, but there is an un- 
noted defect in the images produced by such a system, 
namely, a chromatie difference of magnification. This 
is due to the fact that, although the second principal 
foci for all colors fall together at the same za this 
condition is far from true for the secon@yprincipal 
points. The positions of the latter cath Yeadily be 
deduced in the following manner ine) equation (j) 
which becomes for the case in ON 


From this we RO 
d SS — 4s Atu. 
2 


This ape multiplied by ôn gives the distribu- 
tion of the ùd principal points and shows that they 


lie fro Ñ to the right of the first vertex for red 
light NY 


rangibility C to 4.49 to the left for violet 
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light h. There is thus the excessive total chromatic 
difference of magnification of 9 per cent, which would 

| render such a system objectionable in an ordinary 
telescope. It is possible, however, to reduce this defect 
by a skillful choice of materials.* 

Isokumatuc Correction. — If we have three thin lenses 
of three different materials in contact, we may express 
| 
| 
| 
| 


the power of the system by this equation: 
= A(n — 1) + B(n’ — 1) + c(n” — 1), 


whence 
dCs _ dn! g dn 
dn A Te dn TA dn’ 
| aC; =: B dn dn” 
| dn? dn? dn?" 


These three equations will enable us to,find values 
| for A, B, and C which will cause > enivatives to 


vanish, thus, yielding perfect color co ion. Such a 
construction meets the definition gn above for an 
isokumatic. x$ 

If the constructor is A the ordinary types 
of silicate glasses the nu al values of the curva- 
ture constants are so ne that the method can only 
be employed in case z” ere the focal length of the 
system is very greą Qfpared to the aperture — cases 


in which binary: Clee are entirely adequate; but 
if borate or 8 ilicate glasses are available the case | 
is different. an illustration of the method we may 


Na curvature sums for a system made of 
dens 1237, crown 339 and flint 0.161 as defined 


scription by the writer of an orthokumatic telescope can be 


O in the Journal of the Optical Society of America, vol. II, p. 63. 
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in Appendix B with a power of 0.0100. We may use 
n, n and n” to denote the indices of refraction of the 
materials in the order named, then, since 


(C) = A(.62977) + B(.53007) + C(.57710) 
A = A(1.9710) + B(1.0140) +  0(1.3782) 
oe = 2 4(9.226) + 2 B(0.3144) + 2 C(1.7660) 

2 


the equations above yield, when the first is set equal to 
0.0100 and the others each equal to zero, 


A = .01915, B = .18025, C =— .12322. 


These values imply radii of curvatures for the system 
which renders it quite possible to make a telescope 
objective of the ordinary ratio of focal length to aper- 
| ture without introducing difficulties in ECS of 
| spherical aberration.* EAN 

* For many years I have used an isochromatic tel e with an 
orthokumatic collimator on my spectrometer with a nience which 
leaves nothing to be desired. Only the ocular is QD le so as to ad- 

I 


just for chromatie aberration of the eye, an CRO. 1 this adjustment 
might be eliminated by a proper correction cular itself. 


CHAPTER IV 


OBLIQUE REFRACTION AT A SPHERICAL SURFACE — 
SPHERICAL ABERRATION — ZONAL DIFFERENCE OF 
MAGNIFICATION 


When a spherical wave-surface is incident at an 
oblique angle on a refracting surface, the refracted 
wave-surface will not in general remain spherical, but 
it is clear that the maximum and minimum curvatures 
must lie in the plane of symmetry and in the plane of 
right angles to this plane. The plane of symmetry 
shall be called the meridional plane and curvature 
of the sections of wave-surfaces in t RAD ane shall be 
designated by c’, c, etc. The curv s of sections at 
right angles to this plane shall RO lled zonal sections 
and the corresponding cur s are designated by 
T’, G:, etc. We proceed fir Culculate the curvatures 
of the meridian OO 


OBLIQUE RE £dyTroN IN A MERIDIAN PLANE 


Suppose a Surface whose center is at o” and cur- 
vature c’ i(iytident upon y at point g; an inspection 
of the figyre will make clear that to reach the point £, 
s bein efinitely small, it must advance by the dis- 


U 1 527 cos 1 + s sin i — 3(s cos i)? c’. 
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A similar consideration of the refracted wave-surface 
starting from g will show that, in order to reach 8, it 


Fig. 13 | 


equal to 


must traverse a distance in the direction of its A 


4 s?y Cos r + ssinr — ł(s cos r)? Gy © 


if r is the angle of refraction and cı is urvature of 
the refracted wave-surface. W 

The law of refraction makes O s the first dis- 
tance equal to the second; alseyp sin + equal to sin r. 
From these equations, therefere> 


Cı cos? r = PON cos i) + pc’ cos’. 

This vavesurtise ON progress with constantly in- 
creasing curvatur til it falls after having traversed 
the distance t+Cgn the second refracting surface y’. 
Here its RR c”, will be determined by the 

/ 


equationNn 
U c = a(l — et) = mie. 
YU 


AD 
W 
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After refraction at this surface the curvature can be 
written at once from analogy: 


Cz COS? rı = Y' (COS Ti — pı COS 1) + pl” COs. 


This process may be extended to any number of re- 
fractions and the general system of equations may be 
written: 

¢,cos?r = y (cosr — p cosi) + pe’ cos?2 

Ce COS? r1 = y’ (COST: — pı COS x) + piper COS? ù (1) 

C3 COS? T2 = y” (COS T2 — p2 COS 22) + Popl2le2 COS? tz 


Cy41C08? 1) = (cos TA 7 PACOS 1) + Pra, COS? A 


In cases where the angles of incidence are throughout 
so small that fourth and higher powers of the angles can 
be disregarded the equations can be ma M take the 
form: 
a=y(1—p)l1 + 3 perl o 

(1 — p)} 
y (1 — p)il +3 RA + piper 
Inds pi) | M) 
q (i= Ps) | {1 3 e i 2 p») + petot 
{1 — (1 — pz) | 


z * etc. 


OBLIQUE eni IN A PLANE AT RIGHT ANGLES 
O TO THE MERIDIAN PLANE 


IS 
W 
| 


Q 
w 


I . 14 let 8’ be the rectangular projection of a 
8, in the refracting surface y at a very small 
S tance s from the plane of the diagram which is a 


OBLIQUE REFRACTIONS 73 


meridian plane of the refracting surfaces. Suppose a 
wave-surface incident at g have a curvature c’, its cen- 
ter being at o’. The curvature of a section of this 
wave-surface by a plane perpendicular to the paper 
and passing through g and p is € seci. In order that 
the incident wave-surface may reach the point of 
which 6’ is the projection this section must progress 
along this plane by the distance 3 sży — 3 se’ sec i. 


4 


O 
Q 
© 


This displacement of the section is pra by a dis- 
placement of the wave-surface towa ts center of 
cos 4 times as much, or $ s?y cos i AA 

A eorresponding diagram, in go 4 and o’ are re- 
placed by r and the center of thé&dfracted wave-surface, 
would yield for the displ nt necessary to attain 
the point 8”, żs?yc sC, if the symbol ¢ 
represents its curvat 

By the law of tion, p times the first distance 
equals the second, w ence 


Fig. 14 


y(cos r — p cos 4) + pc’. 


This ited wave-surface will progress with con- 
stantly\increasing curvature, until, after having trav- 


A 
A 


3 
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ersed the distance t, it falls upon a second refracting 
surface with a curvature given by the equation 
ce = c,(1 S= Citi) = pnt, 
whence 
Cy = y' (cos Mi > ©OB 11) + pilit. 


This process may be repeated for any number of 
successive refractions to which the system of equations 
below will apply: 

©. = y (cosr — p cosi) + pe’ 
y’ (cos Tı — pı COS u) + Pitti (m) 
y” (COS T2 — pa COS i) + Pople€e 


. IS! Igo! 
| il 


Qui = Y> (Cos 7, — py COS tr) + PNAA 
In cases where the angles of incidence are throughout 
so small that fourth and higher KAKA the angles 


may be disregarded the equations e made to 
take the following form: 


& = y (L—p)il Se 


& = y (F= pı){1 i raj + pipes (m’) 
Cs = y”(1 — pe) 1 pois} + pojlalo 
etc. RZ 


Qiu ABERRATION 


Spiral — In Fig. 15, let y be a refract- 


ing surf e“dpon which an incident wave-surface of 
curva ' falls normally, that is, one whose geometri 
A er, o, lies somewhere on the axis; also, let gg” 

ent a meadow section of the relra wave- 


n This latter surface will not in general be 
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spherical although it will obviously be a surface of 
revolution. Let o, be the image of o’ calculated ac- 
cording to the fundamental equations (a); moreover, 
let ox” be the point on the axis through which all the 
light from a narrow zone of radius k will pass, then 
the distance from o to o; is called in the current 
theory of optical instruments the spherical aberration 
of the wave-surface having the semi-angular aperture 


gr P 04 0; 
Fig. 15 


g'pg; its value is, as appears at once from the@}eram, 


equal to — o — =-C08 If we AAC onsidera- 
Cı 1 


tions to terms involving nothing Ter the second 
powers of the small products the like, the 
relations W 

o = $ k?y, COS AQF —ik¢ 

are obvious, and the A=" for the spherical 


aberration becomes b stitution 


LO KG - 2. 
The reląti f & to cz may be deduced from the 
equation g and (m) in the form 
OW C1 = 3 yp(l — p) sin? 4 + p(a — 01). 


NI? 


O 


KA 


; 2 
U 
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This can be much simplified by means of the approxi- 
mations 


sin? 2 = k?(y —c), C c = 4 k*e'%X(y — ce’), 


for then 


+ kef yp — p)(y — ©)? + pe?(y — eV) 

Since ¢, differs from cı by terms involving squares 
and higher powers of k it follows that we may neglect 
the difference between ¢,c; and cj in the above expres- 
sions, as well as that between ¢: — y and cı — y when 
either is multiplied by a quantity of the order of kc’. 
Making such changes the expression for the spherical 
aberration becomes 


tkf rol — p)(y — e)? + ela — x) + poly — e)a 


i — Cy 


1 

If we indicate by óc, the amount ene has to 

increase the curvature of the axial on of the re- 

fracted wave-surface at the eer to have its 
center o; corrrespond with 0;, węGdve 


ZPA MOE NM: tpt oe 


From equations (a), 
1 


os = pt” — (i), 
W 2 12 
ba 5 n- yy te p) ża ) 


whence 


GREY 
By meżxfDof equations (a) again, one can derive the 
relat} 


TPA z ad OH! oe Ea 


~\ po rip a— y p 
© 
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whence the above equation takes the form 


ee- (a5) 


2 
5 kab, 


I 


ÓCi 


where a, and b; are introduced for convenience in 
writing. 

The quantity óc, thus appears as a simple function 
of the square of the semi-aperture of the refracting 
surface, hence it is a direct measure of the departure 
of the refracted wave-surface from the spherical surface 
having the curvature cı; for this reason it would be 
much more logical to give to it the name of spherical 
aberration than to a quantity erroneously supposed to 
be due to the sphericity of the refracting surface, 
whereas spherical surfaces do not differ in this par- 
ticular from any other surfaces of revolution. der 
to escape the introduction of a new wor o our 
text, I shall, therefore, employ the old one his new 
sense, remarking that one has only ta,@ytde the new 
expression for the spherical aberrati CY ci to find the 
old conventional value. C) 

At the second surface, wheres becomes c” accord- 
ing to the terminology of ea ns (a), the difference 
of curvature becomes: 


(80) = 4 kyl 
and after refractio{ gf this surface 
CAL R 2070101, 


so that, W + 1 refractions, 
GS = 2 k’pipops... - Midas... . Aid. 


O 


© 
U 


A 
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In a like manner it may be shown that the aberra- 
tion produced by refraction at the second surface is 
dc. = 4 k'ab, 
which, after refraction at the last surface, becomes 
(6C2),-1 = 3k’ 2pops.... Mag...» Agbe. 


The total aberration for the system may be taken 
as equal to the sum of the aberrations introduced at 
each surface, that is to 


Acer = 3{k? pipe...» Pile...» Maids 
+ k'2pep3.. . - Prualg... . MAAZD2 
+ k''?03.. . . PB. . . . MODs 
+ Zak QX1Dx +1) 


This may be easily transformed to the more convenient 
form 


Acer = 4 k?uż! pof ptaib: + pi! wit! azba A 


pz! pat! azbs + RE + px 4] ab | (n) 
In this equation the aberratio @ that of the emer- 
gent wave-surface expressed Jerms of physical con- 


wave-surface at the first acting surface. It is often 
convenient to have theya ues for other points of refer- 
ence; such can be found by the general transfor- 
mation equatio . For example, suppose the first 
and second prifipal points be chosen for reference, K 
being the sets#diameter of the zone at the first princi- 
pal plarfeG@orresponding to k at the first refracting 
ARG en, since, 


U Ci = Qul — £’Cy41) 7! 


stants of the system and Ś urvature of the incident 


© K = k(1 — ée’)), 


+ 


SO) 


am. 
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we have 
AC; = $ K2(1 — źc)-:(1 — a ux! pot p~'aibi + 
cit! ut ! azba + .... + pxtl uxt! ab) (n') 


ZONAL DIFFERENCES OF MAGNIFICATION 


Consider the ratio of the size of the image o to that 
of the object o” when, as illustrated in Fig. 16, the image 
is formed by the light transmitted through a small 


0; 


Fig. 16 
area, of the refracting surface at a distance a the 
axis. This magnification is, o t ation (c) 
of page 9, expressed by 


=H pan w xO 
m => zę 
P sin W COS 7 Ci 


At the second refraction the zg of image to object 
is, similarly, 


Ad 


: OS ti C”, 
m eee) 
N COS T1 Co 
hence, in the ca A + 1 successive refractions we 


may write |. 
M = mm'm OS A COS 4 COS A... . COSH 
COS T COS T1 . . . . COS TĄ 


W COR e. 
IJ Cila .... Crt 
RR 


A 
U 
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If the zone is indefinitely near the axis, in other 
words, if all values of k are very small, the magnifica- 
tion becomes 


LAAs 
GE Were evs c 
M, = po—————— = pon! — 
A+ 


which agrees, as it should, with the value found for 
the same ratio on page 5. 

The above value of M can be greatly simplified when 
the angles of incidence are so small that powers of the 
angle higher than the second are insignificant, for then 


cost = 1 — $7? cos 2 


(a) Sy ae 
cosr = 1 — 3 pó? COS 7 żel p”) 


and so on for the following surfaces. Further, if we 
consider only cases in which all terms involving kc and 
the like with powers higher than the s A may be 
safely ignored, we have also 


= Mili xO 


whence, A | 
M = pom! {1 — Z 2(LQp)— 3 721 — p?)—. 
W 23 a(1 — DE 


The ratio ra then defined by the equation 


- er (1 — p3)— (l — p?)—.... — 


lo 
as 
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Within the limits of precision fixed above we have, in 
regions near the axis, 


C 

ZAM = Ge 
C 
= FA 4 a(y = Cx+1)CA+1 
+1 


i = kly — c"); ù = k'(y'-— c”), ete. 
Making the substitutions and carrying out the multi- 
plication with omission of terms containing powers of 
k higher than the second 
z 1 — Hela — e = p) BRAY! — eA — pł) 
0 — ete. 
F 3 ky te e je = 4 kx(Y — Cr) Cr 
M — Mo 
Mo 
coefficient of magnification: this number wille esig- 
nated hereafter by Z. When k’, k”, ete., xpressed 
in terms of k and y —c,y — c”, e in terms of 
Qı, a2, etc., the final expression for t nal coefficient 


of magnification becomes 


The number may be called the, zonal 


Z=3ż 1 ie? { [ux?! MCa — apc’ 
+ [ail = p-*) + Rtg? ae le 
+ m?! (1 — RÓJ (0) 


To express this in s of K it is only necessary to 
employ the equatfo 
O k=(l=$żc)"K, 
when £ is ae from the first vertex to E. 
U 


go 


CHAPTER V 


IMAGE REMOTE FROM THE AXIS — CURVATURE OF 
IMAGE SURFACE — ASTIGMATISM — DISTORTION 


Curvalure of Image Surface. — Suppose Figure 7 
represents an optical system with its first vertex 
at v and its last at v, the first and second principal 
points being at E and at E;, respectively; then, if o” 
is the source of light the place of its image, 0, can be 
found by means of the general equations (a). Now 
imagine o’ displaced perpendicularly to the axis by a 


small distance, the imagp,o; Oi also be displaced along 
a path departing f the axis at right angles and 
with the same a r velocity, but the path will in 
general be cu 4D The curvature of this line we shall 
take as A m re of the curvature of the image surface. 
If one of the angles of incidence of that portion 
T o dent wave-surface which passes through # 

to find the curvature of this portion by use 


Agee ae (1) of the last chapter. If these requi- 
82 
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site angles are small throughout, one may find them 
very readily by means of the general equations (a), 
as appears from the following: 

Assume Æ as a source of light; then, with c’ equal to 


| < z follow through the calculations of (a); the final value, 


C1, Will clearly be equal to = since Æ is the image 
1 


of E. Now set k= £ tan &, then the distances from 
the axis to the successive points of incidence of this 
definite portion of the incident wave-surface will be 


k = ślga 1 =k(y-C) 

| k = pik Also v zkly —e') 

| k” = ust! k i” = k(y' — el") 

| ete., ete. etc., etc. 

| With these determined values of 7 we may Miate 
the successive values of cı, Cz, etc., by I of the 
equations (e) and compare the final v with that 
of the axial wave-surface: or, still be e may pro- 


ceed as follows: 

Suppose that ¢, with the a OS: suffix, repre- 
sents the increment of avai any refraction due 
to the obliquity alone, or @yother words, suppose at 

that particular refracti ignore the difference in 
| curvature of the obli ra axial wave-surfaces; then 
| by subtracting t uation in group (a) from the 
| corresponding equXtfon in (I'), we may write 


gr = (EPG + )— (1 — p?) pi? 
dz ŚAM — P) G + p) — (A — pi) } pit”? (p) 


| O etc. ete. 
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These values may be summed with attention to the 
conditions, first, that any such difference grows con- 
tinuously during propagation so that at the next re- 
fracting surface it will have increased in the ratio py’; 
second, that at this surface the value is changed sud- 
denly in the ratio of the velocity of propagation in the 
succeeding medium to that in the preceding. Thus we 
may write finally 


Q+1 — O41 = rai + HxPrPr = Mi-1MxPr-1P»Pr-1 Ties 
«+ px! pr... PAÓ (p’) 
This quantity may be referred to the points E and Æ, 
respectively, by employing the equations of transfor- 
mation so that 


Q — C= (1 — EQ) Ou =; Cy+1) (p”) 
The departure of the image surface fa the per- 
pendicular plane passing through F is © 
— (Cı Pre C) O . 


From the equations above giv. (Othe values of 4, 2’, 


etc., it is obvious that this iets ai increases as fhe 
A of the tangent of a ular displacement from 


the axis a. . 

Astigmatism.— In 2 the curvature of the re- 
fracted wave-surf not strictly spherical, but at 
any point one two principal values, necessarily 


at right AR cae other, lies in the meridian plane. 
The value oNłis one has just been given in the pre- 
ceding s&n, that of the other is found on page 74 
in oup of equations (m’). If now, following 
the course described in the preceding article, 
value in (m’) is subtracted from the corresponding 
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value in (1^) and the difference, ignoring as in that case 
the differences between the two incident curvatures, is 
indicated by yw with the appropriate suffix, we may 
write 

pı = {v(1 — pp — C(1 — pò} pi? 

p: = tra pipe. pi) | pit”. 

etc. etc. ete. 


From these we may at once deduce, in accordance with 
the reasoning developed above: 


O+1 — Cr+ TN Prat 3r APN XP Pr Prt + 
+ px! pi... M W. 


The quantity Or — Ów is defined as the astigma- 


— ch 1 


tism due to obliquity: its value increases as the square 
of the angle a. 


Distortion. — Imagine any optical system he a 
have 


centered diaphragm, as at d in Fig. 18; this @} 


O Fig. 18 


its ima © at d’, which is determinable in position 
and maAsghttude from the constants of the system. 


30 


4) 
we 


© 


© 
| 2 
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This is a characteristic of almost all optical instru- 
ments; for example, in the telescope the cell of the 
objective constitutes the first diaphragm, its image 
being the ocular circle; in a lens employed as a simple 
magnifier the corneal image of the pupil of the observer’s 
eye is the first diaphragm; in the compound microscope 
the first diaphragm is ordinarily the virtual image of 
the last lens of the objective; in the photographic 
camera it is generally the virtual image by the anterior 
portion of the system of the iris diaphragm or its 
substitute. 

For the moment let us suppose that the system is 
such that the image of a point at the center of d is 
formed at the center of d’ by refractions without ulti- 
mate spherical aberration; or in other words, that all 
spherical wave-surfaces in the first medium which 


have. their common geometrical center e middle 
point of d become spherical wave-surf in the final 
medium with a common center at middle point of 


d’; then it follows that every im&@hary point or line 
on a spherical wave-surfac Góre refraction has a 
corresponding point or OM all refracted wave- 
surfaces, which lines are metrically similar to their 
imaginary origins. It, Or to extend this conception 
to the conclusion t Cr images of all objects in the 
first medium wa RÓ similar to the ob- 
jects, provided@at only such portions of the incident 
wave-surfackg hre involved as pass close to the center 
of d, or*qffmt amounts to the same thing, if the aper- 
ture iqQRB diaphragm is sufficiently small. Indeed, if 
thecaerture is very minute in comparison with the 
A of the nearest object the optical system may 


mem. = u WAEROAIAKOO aad 
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be suppressed altogether; in this case d’ will corre- 
spond with d and the apparatus, properly shielded, 
becomes the ‘‘pin-hole camera” in which the perfection 
of delineation is only limited by the magnitude of the 
light waves. 

As the image of a straight line formed by a lens sys- 
tem possessing the properties just described always re- 
mains a straight line, such a system is styled rectilinear. 
It is obvious that the condition of rectilinearity may 
be very important in certain cases, notably in camera 
systems employed for architectural photography or for 
copying diagrams, while in those cases where only 
images close to the axis are useful this feature may 
often be advantageously sacrificed for others of more 
immediate importance for the ends in view, such as 
brightness or even simplicity of construction. A. 

The manner in which the error under ion 
presents itself to the user of a SO Gamera is 


pE 


illustrated in a A the middle diagram repre- 
sents the image 5) at grating when the 
particular typćóxPspherical aberration described above 


vanishes, t t the left represents the image of the 
same 0 when the aberration is positive, and the 
remai diagram when the aberration is negative. 


F 


Ca 
U 
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The appropriateness of the current term distorsion to 
designate the error is obvious; not so, the rather fantas- 
tic terms *barrel-form” and *eushion-form” distor- 
sion to distinguish the two types of error which have 
been used by some writers. It would appear better to 
call the former type — by far the more familiar one 
since it is always present when a simple lens is used as 
a magnifier — positive distorsion and the latter nega- 
tive distorsion. 


CHAPTER VI 


TELESCOPES — MICROSCOPES — OcuLARS — CAMERA 
SYSTEMS 


As an illustration of the application of the theorems 
developed in the preceding chapters we shall consider 
in the present one a number of types of telescopes, 
treating the objectives and oculars as separate sys- 
tems. A sufficient number of each will be treated in 
detail so that any other form would easily find an 
appropriate method by extension. 

As a first example we may discuss the famous ow 
ington twenty-six-inch telescope made by the 
1873 and with which Professor Asaph Hall 
the satellites of Mars. This particular A 
chosen not only because it is one of 
telescopes made by its famous e ctors but be- 
cause pure empiricism was regard y them as a wholly 
sufficient guide, and it will be high y instructive to find 
how near such a method | the best results. Un- | 
fortunately we know no er than the makers did 
the optical’ constants e materials employed, but 
we do know far bétt@r’ than they did, thanks to the 
investigations of-Professor Holden, the radii, thick- 


best of the 


nesses and fo ngth; moreover, I have in my pos- | 
session a + curve” for the telescope as derived 
from theQQeasurements made by Professor Brown in | 
oS request when asked to design a corrector 


+ 2 
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for certain spectroscopic uses. This appears below on 
page 93. 

The problem in its simplest aspect is to find materials 
which satisty the following conditions — neglecting 
small modifications due to thicknesses of the lenses: 


(a) Co = A(n — 1) + B(m — 1) Prescribed focal 


length 
GONERA Condition of 
(b) e: SC 28 achromatism 
Coys Color curve 
(©) ($3) =2B8 


Here A and B are the curvature sums for the crown 
and flint lenses, respectively, no and ny the indices 
of refraction of the materials corresponding to the 
minimum focal length. The indices are connected by 


the woe Sr 
— m =a(n — no) + BaQ 


Professor Brown’s measurements ee that no and % 
are exactly midway between n Ty, which implies 
a very small undercorrecti exe i color, according to 
the standard advocated i ba star III, but not greater 
than is found in other lark's bies. 1 

It appears as thougp we have four unknowns to be 
determined from three equations and that the 
solution is the e indeterminate; but this difficulty 
disappears one recognizes that with determinate 
types of glasses the ratio of B to a is also narrowly 
fixed, WN we know that only ordinary silicate glasses 
RO been used at the time the objective was 


1 See Amer. Jour. Sci., Vol. 23, 1882, p. 167. 
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An application of the method led to the disappointing 
result that no material experimentally known to me, 
nor others which were described in maker’s catalogues, 
would yield the known values. It was difficult to 
escape the conclusion that the accepted radii were 
wrong — especially as Holden had himself raised the 
question of a possible flexure in the flint lens from un- 
suitable support. This led me to write to the Super- 
intendent of the Naval Observatory, Captain Hooge- 
werff, U.S.N., asking if he would have the system of 
Newton’s rings from the inner surface reflections ob- 
served by means of a sodium flame. This he kindly 
did, with the result that the third surface was demon- 
strated as not having a radius much more than 0.1 
inch longer than that of the second —a difference 
which is practically negligible and which may pąssibly 
also be due to flexure. We may be sure, es \ that 
Clark formed the first, second, and third su s upon 
the single pair of tools and we may a Holden’s 
radii as follows: 


xl 
Holden Ceo 
rı + 161.39 R 1.39 
A= 16130. 4 = 1.994 (©'161.39 4 = 


ra — 162.07 t = 0.018 — 161.39 t =Q. 
Tą — 19466 t= — 389000 ¢; = 0.958 
The fourth radias} deduced from the assumption 


that the flexur s equal in this measurement to 
that ojcu he measurement of the third surface. 


I l 
AE 
S 
S © 
SR 


Of the s ] hundreds of specimens of optical glass 
which e measured with precision two, and two 


| only, Xe a solution which may be regarded as of satis- 
| O 
| ge 
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factory closeness. These are flint 1237 of Feil et Cie. 
and crown 4341 from the same source.* 
The measured indices of the crown are 


Line n 

C 1.515483 No = 1.51978 

5.614 1.519327 m, = 1.62889 

F 1.524071 n — m = 2.011(n — nv) 
G 1.529211 + 11.74(n — no)? 
h 1.531821 


From these values, since we may imagine the two 
lenses in contact, the following table may be derived: 


logp log (1 — p) log a log b 


()9.81822 9.53404  9.6364N (1) 7.6114N 7.3272 
(1) 9.96989 8.82575 9.7309N (2) 7.8913  6.8524V 
(2) 21189 9.79857N 3035 (3) TAGA 7.2085 


These constants applied in equati DY (a) and (k) 
yield: 


Ci Mi C2 xO Me C3 
.002124 1.0040 „00 1.0015 „005842 
F= Po P"= 380.2 


* It is not surprising a) i Ora hundred specimens only two 
should meet the require on the contrary, the surprise lies in the 
fact that any such clog sent should be found. Indeed, I 
am disposed to t flint 1237 may be actually the material 
which entered S object glass. A considerable quantity 
of it was spa) me by Feil in: 1875 as the best of the type in his 
possession, t was probably made before the objective and had 
an exceptl A reputation. The constants of this glass, transcribed in 
a in QO)niix B, are given in great detail in the American Journal 

, Vol. XV, 1878, p. 269. The crown glass is that employed 
BA objective of 1800 inches focal length of the Mt. Wilson 


£ NN watory. 
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The measured value of P— is 389.66 with a probable 
error of + 0.26 as calculated by Holden, while the 
chromatic aberration indicates a longer focal length for 
light of refrangibility of F by 0.011, which is as nearly 
in agreement with measurement as could be looked 
for. 

The method developed on page 59 enables us at once 
to calculate the secondary error in color of which 
Professor Brown has given the values; they are: 


C D (0) b F G h 
Measured 0.23 0.09 0.00 0.09 0.24 0.95 1.58 
Calculated 0.20 — 0.00 — 0.20 1.00 1.60 


The two color curves are practically identical. 
The equations (n) of Chapter IV yield: 


Acs = 4 k?(— 5.5) (102), RY 


whence the spherical aberration is — 0.05% amount 
much less than is ordinarily due to Śdbsses of con- 
struction and which the optica Arees by local 
polishing. K 

Microscopes. — The method f@yéalculating the proper 
constants for microscope (Qyctives needs no altera- 
tions from that employe © telescopes, although the 
general forms must be tly varied when high powers 
are required. F agnification from twenty to 
forty a properly désfgned achromatic doublet is satis- 


factory, gorse! yt from forty to one hun- 
till 


dred, the £f invented by Lister is universally em- 


ployed. higher powers a single or double front 
of AJ ss is necessary. The modern apochromatie 


3% 
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objective necessitates the use of other materials than 
ordinary silicate glasses.* 

Oculars. — These must be regarded as parts of a 
telescope or microscope, not as independent systems. 
When adjusted for vision in either of these instru- 
ments the incident wave-surfaces are narrowly limited; 
in other words, the values of k in the preceding for- 
mulas are always small. To serve as an illustration 
the essential constants of the familiar Huyghenian ocu- 
lar may be given here, referring for more detailed in- 
formation concerning the properties of various types 
to the article cited on page 56. 

The conditions assumed for definiteness are, that the 
ocular is used with a telescope of considerable length 
with the ordinary ratio of fifteen to one as that of the 
focal length to aperture; that its focal length is one 


inch; and, finally, that the material of nses is the 
crown glass described on page 92. 

It is obvious that all the light is transmitted 
by the ocular passes through objective and also 


through the image of the AG e which is a circular 
area one fifteenth of an å in diameter — the eye- 


circle. 

The constants of an ocular are the following, 
the positions of t ardinal points being measured 
from the first of the anterior or field lens: 

Tı T2 Q T4 E E’ F F’ 


1.0395 + 65 0.347 w 0.652 2.000 1.652 1.000 


* An Ont of the history of the microscope with its various types 
of gęAgWUCction of the objectives may be found in the Yale Bicentennial 
vi entitled “Light, a Consideration of the More Familiar Phenom- 


y of Optics,” by the present writer. 
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The color error, that is, the chromatic variation of 
F’, is 1.8 times as great as that of a single lens of the 
same material while the spherical aberration is 9.6 
times as great as that of a double convex lens. Both 
of these errors are far from inconsiderable and make 
this type of ocular distinctly inferior. 

Photographic Camera Lenses. — Just as the wave- 
surfaces in a telescope have two circular boundaries, 
namely, the objective and the eye-circle, the camera 
system has two which are the virtual images of the 
diaphragm produced by the anterior and posterior 
lenses, respectively. Beyond this property which is 
common to all, there is a very great variety of types 
to meet the varying requirements. For convenience 
three classes may be specified. First, where sharp 
definition over a moderate angular field accompanied 
by greatest attainable brightness of image is zd i 
nothing is better than the famous PortrajfNkeńs in- 
vented by Petzval and which still be is name. 
The image surface is somewhat strongl rved and for 
points remote from the axis there irronnced astig- 
matism, features which restrict t ent of the useful 
field. Second, when rigid (o WW reproduction is 
demanded while maximum bhghtness is not essential, 
as in copying cameras, t mmetric construction in- 
vented by Steinheil ery extensively imitated, 
occupied this field NA years. It still maintains 


an important pógition in practice. Third, with the 
recent introdygóon of barium crown glasses, which are 
characteriz high refractive power with accompa- 
nying SW power, and an enormously in- 


creasedNhie of photography has come an almost endless 
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variety of new forms. To do more than mention the 
fact would take us too far from the immediate pur- 
pose of this writing, but it should be noted that Petz- 
val had pointed out in his important theoretical dis- 
cussion published in 1840 that, if a glass of higher 
refractive power than the ordinary crown glass with- 
out increased dispersive power were available, the 
image surface could be greatly flattened without exces- 
sive oblique astigmatism. 

Two considerations of practical importance may be 
added. When the best definition for point sources is 
demanded, as in astronomical use, the color correction 
should be adapted to the nature of the sensitive plate 
employed; but for general use where a separation of the 
visual and photographic images is inconvenient the 
chromatic correction should be made for an intermedi- 


ate color — that of the Fraunhofer line F example. 
The second consideration relates to th thod of ap- 
plying the formulas of the preceding gdyes to a camera 


system. A method found satisfadjfy is to calculate 
the errors of the anterior s first as though it 
existed alone, then, takin (A) account the limita- 
tions imposed by the res Bah diaphragm, find how 


these errors are modified, bY the action of the remaining 
lenses. 
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The important relation expressed by (e) has been proved for 
very small values of the angles only, and it would therefore hold 
good if either w or tgw were substituted for sinw; indeed, the 
relation in terms of tgw was first established by Lagrange and was 
a most important contribution to the theory of optics. It is possi- 
ble to show, however, that the form (c) is correct for all values 
of w’ provided that both incident and finally refracted wave- 
surfaces are spherical; in other words, provided that the system 


Fig. 20 © 
is free from spherical aberration. To do this, let, ig. 20, repre- 
sent the incident wave-surface c’ and p'q' nally refracted 


wave-surface Cr+. 
If c’ is limited by a diaphragm at : CX+1 is also limited at 


oint to q, that is to say, 
ergy comes from a region 
gular aperture of the incident 


the point q’ which is the correspondi 
the point in c,+: where all the ligh 
in c’ indefinitely near g. The se 
and finally refracted wave-s s are, respectively, w” and w+ 
as appears in the figure. IN ppose the incident wave-surface to 
be inclined by an inde i@y small angle o’c’, then the finally re- 
fracted wave-surface W also be inclined by an indefinitely small 
angle at p” equal Gpr. It is apparent from the figure that 
in the oblique surface qı is a corresponding point to q and q’ 
to q', since t ves are propagated in the direction of the normals 
to their AU es, hence qı’ is a corresponding point to qı. More- 
over, siące>p and p” are corresponding points in the two wave- 


3 


surfaces, the time required for light to pass from q to q’ and from 

qı to qi’ is, in each case, equal to the time required to pass from p 

to p’; hence the time required for progression from q to q is equal 

to that from q’ to q:’. The velocity of propagation in the last | 
medium, however, is po times as great as in the first; consequently 

we have 
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Poggi = gg. 

By inspection of the figure we see that 

qu = pq-o'c’ cos $ w” 

qq = PQ -0n+10r41 COS F WAH 
| Combining these three equations and substituting the trigono- 
metrical expressions for the chords pq and p’q’ we find 

2 poo’ sin 3 w cos $ w = 2 ony SIN Ż WA+ COS $ WAH, 

whence we derive immediately the equation (Cc). 

This highly important principle is essential in determining the 
absolute power of every optical system. Its truth was assumed by 
Professor Abbe in his celebrated paper on the limit of power in the 
microscope and it was shown as a consequence of the second law of 
thermodynamics by Helmholtz in a RZECE on the 
same subject. 


APPENDIX B 
INDICES OF REFRACTION UTIL IN TEXT 


Cr. 4341 : : Fl. 0.1617 


1.518149 1.561019 
6 1.520103 1.563611 
1.515483 1.521047 1.564947 
CZES 1.523719 1.568532 | 
1.5193 628001 1.525073 1.570344 
| aN 1.631893 1.527100 1.573070 | 
| 1.528932 1.575589 | 
1524071 1.637756 1.530069 1.577103 
1.649086 1.535623 1.584719 
Op 531821 1.654848 1.538350 1.588448 


.13 of Jena catalogue. 
catalogue np is given as 1.5676 which is certainly erroneous 


3 bably a misprint. 
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APPENDIX © 


Irregular Atmospheric Refractions — Mirages.* — The principle 
developed on pages 8 and 9, and which is established mathe- 
matically in Appendix A, admits an interesting extension. Suppose 
that a portion of the wave-surface from a distant point be bounded 
by an imaginary circle as at 1 in Fig. 21. At a distance twice as 
great the imaginary boundary will have doubled in size and, ac- 
cording to this principle, the eye placed at the second point will 
see the source and its immediate surroundings as having just half 
the angular dimensions as they would appear to have seen from 
the nearer point.. This is, of course, in accord with geometrical 
perspective. Again, suppose that the intervening medium had so 
modified the boundary that it takes the form 3; then the object 


© © @ 


Fig. 21 


would appear from this point to have its a ae in a 
vertical direction increased relatively RCN atio of the longer 
diameter of the boundary to that of t t Such a modifica- 
tion is frequently produced by pase through the atmosphere 


* The current explanations of t © rurious phenomena are far from 
satisfactory. The older ria S s that part of the light from a 


distant object near the hori otally reflected from a layer of rarer 
air near the ground, an z: which must be unconditionally 
rejected since it PR S existence of a surface of discontinuity, like 
that separating air ACK for example, which is clearly impossible. 
The other explana assumes that part of the light is refracted in 
the lower strat: Warmer air so that a second, depressed image of the 
object beoog Pb This is much nearer the true explanation but 
fails to s hether the extra image is inverted, which may or may 
not be J se; only in the former does it represent the desert mirage. 


<a 
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close to the surface of the earth when there is appreciable differ- 
ence in temperature there and in the air above. Temperature 
differences of this kind give rise to highly varied phenomena which 
are classed under the general name of Mirages. Before turning 
to consideration of the more striking cases it is important to note 
that only distant objects close to the horizon are thus affected 
under natural conditions, and, though common enough, they are 
ordinarily overlooked. When looked for, especially when the ob- 
server is aided by a telescope of moderate power or even by an 
opera-glass, there will be no difficulty in detecting over extended 
plains or the sea the types of particular interest. The prevailing 
misconceptions attaching to these interesting phenomena are largely 
due to the neglect of writers who have described extraordinary 
cases to make clear to their readers the actual minuteness of the 
strange apparitions. 

The most common cases, in temperate latitudes at least, is 
where a stratum of air close to the ground, or to the surface of a 
large body of water, is at a higher temperature than that prevailing 
above. This condition may be produced either by, fhe high tem- 
perature of the sun-heated soil, or, especially ovate ies of „water, 
by a nocturnal cooling of the lower atmospher radiation. The 
latter condition is very apt to prevail O let morning hours 
after a cloudless night in late oc to be noted that in 
these cases the lighter air below is in a ©: unstable equilibrium 
with the denser air above and th D tends towards 
fitfulness, both in duration and ection, in the visual phenom- 
ena. This explains also why the warmer surface below the 
mirage is usually limited in-pzimuth. For example, over a heated 
plain it is very usual to eft appearance of a lake in some one 
direction but the ob obably never finds himself surrounded 
by the appearance ter on all sides at once. 

There is another ment which should be noted before attempting 
a general explafefion, and that is the influence of the curvature 
of the eart zo when distances of thousands of feet are in- 


volved. De obvious effect of this curvature is to restrict the region 
| © wave-surfaces undergo modifications so that, in general, 
e object and the observer are above the layer of abnormally 


a air. 
3 
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In Fig. 22 let ab represent the surface of the earth or of the sea 
in the region where the abnormal refraction takes place, A the 
place of an object of limited angular magnitude in a vertical direc- 
tion and B the position of the observer. This, of course, is a special 


a : 
Fig. 22 


case but it is that of the desert mirage and can readily be extended 
to other less striking cases. 

Noting that the horizontal distances in the diagram represent 
thousands of feet while the vertical distances would be reckoned 
in inches, it is easy to see what form of changes the wave-surfaces 
undergo. After the wave-surfaces enter the region of modifica- 
tion the upper portions move on without abnormal cha while 
the lower portions move with a greater velocity in the r dium 
below, the general result being that the wave-sur above the 
warmer air are continuously approaching flatness in it they are 
becoming cylindrical with progressively BRA curvature. If 
the observer is so placed that only thes rical portions can 
reach him, the object and its immediąt roundings are slightly 
depressed and magnified in a zri sin — a very common 
occurrence. Further on the cylin | wave-surfaces will have 
emerged from the stratum of h air and be subject afterwards 
to only normal changes of c re; but this results finally in a 
reversal of curvature so R wave-surface originating at A has 
two sheets, both essepźi flat on account of the great distances 
involved. The al aide of the visual effect is evident. The 
object A will be in ordinary aspect with an inverted image 
istorted. The extraordinary inverted image is 
d below by the line of the sensible horizon. If A 


obviously b 


is on NS ine its inverted image is at the edge of an image of 
the sky amd this 


U 


simulates a body of water limited in the. fore- 


Se 
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ground by the sensible horizon. It is obvious that this sensible 
horizon moves with the observer, whence follows the fugitive as- 
pect of the desert mirage. If the distant object is a ship an in- 
verted image may be seen below it although the horizon line usually 
cuts off all except the portions near the water unless the angular 
height of the vessel is very small. 

The description of the more familiar type of mirages renders that 
of the second kind much easier. These cases are usually produced 
by an accumulation of warm air on calm summer days over a cold 
sea, or in arctic regions, where some of the most remarkable ob- 
servations have been recorded, over fields of ice. Since the heated 
air is above the cold and denser air there is no such markedly 
unstable equilibrium as in the cases discussed above and they are 
generally less evanescent; in addition, there is no obvious reason 
why the upper limit of the critical stratum might not lie well 
aloft. Some very striking mirages of this kind off the coast of 
Maine and over Bay of Fundy waters have been seen by the 
writer. 

Fig. 23 will help to clarify the following explanation. 
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Represent the source at A KOM observer at B with the stratum 
of cold homogeneous air Gren the line and the sea. Above the 
former line the light ow faster in the lighter air so that the 
wave-surfaces beco lindrically concave forward and, under 
certain circums, , will reverse their curvature before reaching 
the observer, aod in the figure. In this case the distant 
object wille Oppar in its natural form, or, possibly, slightly altered 
verticall mounted by an inverted image little distorted. The 
phe TH is much more apt to excite the attention of a spec- 


fans ce there is no horizon line to restrict the extent of the in- 
r 


y image as in the complementary case of warm air below. 
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It is conceivable that the upper portions of the wave-surfaces, 
where the curvature is less abrupt on account of lessened tempera- 
ture gradient, might also reach the observer at B without reversal 
with a consequent third erect image above. Whether such a com- 
plication has been recorded is unknown to me, but at any rate it 
necessarily follows that, to an observer at an altitude well above B, 
a distant object, even one well below the sensible horizon under 
ordinary conditions, might be visible with a certain amount of 
extension. Such observations are by no means rare, the mariner’s 
term for the phenomena being “looming.” ‘The occasional visi- 
bility of the coast of France from the shores of England affords 
an illustration. 
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